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Figure 1. Simpli�ed illustrations produced by our system using an indication strategy. The initial and simpli�ed versions
are respectively on the left and on the right. The objective is to keep a few complex regions at the borders of visually-
denseregions to suggest their overall complexit y.

Abstract

We presentan approach for clutter control in NPRline
drawing where measuresof view and drawing complexity
drive thesimpli�cation or omissionof lines.We de�ne two
typesof densityinformation: the a-priori densityand the
causaldensity, and use themto control which parts of a
drawingneedsimpli�cation. Thea-priori densityis a mea-
sure of the visual complexity of the potentialdrawing and
is computedon the completearrangementof lines from
the view. This measure affords a systematicapproach for
characterizing the structure of cluttered regions in terms
of geometry, scale, and directionality. The causaldensity
measuresthe spatial complexity of the current stateof the
drawing as strokesare added,allowing for clutter control
through line omissionor stylization.We showhow these
densitymeasurespermita varietyof pictorial simpli�cation
styleswhere complexity is reducedeitheruniformly, or in a
spatially-varyingmannerthroughindication.

1. Intr oduction

Line drawing can producelegible renditionsof com-
plex sceneswith a remarkableeconomyof means.In re-
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cent years,the �eld of Non-PhotorealisticRenderinghas
proposeda variety of techniquesto produceline drawings
from 2D and3D inputs.However, whenthescenecomplex-
ity grows, the resultingimagesmay suffer from clutter as
too many lines are drawn on a small area.This problem
is raisedby complex structures,suchasbrick walls, tiled
roofs, trees,andbecomesmorepronouncedasthesestruc-
turesareviewedat grazingangles.In contrastto photogra-
phy, drawingsafford omissionof detailsor abstraction,and
artistshave developeda numberof pictorial techniquesto
preventclutterwhile preservingshapeandinformation.For
example,they omit structuresthataretoosmall,exploit rep-
etition in thescene,andomit texturedetail.They carefully
control the local amountof strokes,or density, in orderto
avoid clutter, focusattention,andcreatedynamism.

In particular, repetitiveor semi-repetitivestructuressuch
astexture,vegetation,or clustersof similarobjectsraisein-
triguing cognitive andpictorial issuesbecauseof the high
clutter they generateandbecausesimilarity might be em-
phasizedor exploited. We identify two pictorial strategies
usedby artiststo addressclutter in line drawing of repet-
itive or near-regular structures.They differ in their focus
(emphasizevs.exploit repetition)andvisualstyle(uniform
vs.spatially-varyingdrawing complexity).

Uniform pruning ensures low complexity by omit-
ting lines homogeneously. This leadsto a picture of uni-
form densitywherethe original view complexity is com-



pletelyhidden.Regularity is emphasizedin that thedepic-
tion of the regular structureis regular aswell. In practice,
uniform pruning can be achieved through level of de-
tail, whereeachpatternis simpli�ed by omittingsecondary
strokes;or throughsub-samplingof thepatternswhereen-
tire patternsareomitted,for exampledrawing every other
line in agrid.

Indication exploits repetitive structuresandrelieson non-
uniform simpli�cation to lower the overall complexity but
suggestthefull complexity in smallregions[16]. Theartist
draws in full detailonly a few partsof a repetitive structure
so asto suggestits overall complexity, for example,a few
tiles on a roof. Theobjective is to preserve enoughpattern
structuresto convey informationin all its complexity.

Thesestrategiescanbe combinedwith semanticinfor-
mationto emphasizeimportantpartsof thedrawing through
selective simpli�cation.

We believe that careful control of clutter is fundamen-
tal for compellingcomputerdepiction.For this, it is cru-
cial to devisesimpli�cation approaches,but alsosystematic
tools to estimatecomplexity in the view and in the draw-
ing. Previousapproacheshave presentedpowerful methods
to control toneandcomplexity in a line drawing. However,
they often rely on manualspeci�cationof omissionstrate-
giesanddensitythresholds.Our work focuseson theauto-
maticdeterminationof complexity, repetition,andsimpli�-
cationstrategiesfor cluttercontrolin line drawing.

Contrib utions

We presenta generalapproachto control line-drawing
simpli�cation basedon line omissionand stylization.We
introducemeasuresof densityto quantify visual complex-
ity in a drawing. We �rst de�ne an a-priori densityinfor-
mationthatcaptureshow visuallycomplex thedrawing will
be if all the input lines from the currentview are drawn.
It is computedat multiple scalesandorientationsandcan
be exploited to analyzelocal structurein order to exploit
andprevent clutteredrepetitive patterns.Next, during ren-
dering,weestimatethecurrentdrawing complexity through
a so-calledcausaldensity. This densityinformationis up-
datedeachtime a stroke is addedin a way similar to Sal-
isbury et al. [10]. Omissionor stylistic decisionscanthen
betakenfrom this informationto �nely controlthe�nal im-
agecomplexity. Wealsoshow thatrenderingmayneedto be
precededby a stroke prioritizationsincetheorderin which
strokesaredrawn matters.This relatesto prioritizedstroke
textures[16, 10] andtonalartmaps[14, 7] wheretheorder-
ing is de�ned manually. We show how thesetools canbe
usedto achieve differentpictorial cluttercontrol.In partic-
ular, wedemonstratebothuniformpruningandindication.

Weemphasizethatbotha-priori andcausaldensitiesare
necessaryfor appropriatecluttercontrolandthat it is their

combinationthat provides�ne simpli�cation. The a-priori
densitypermitstheplanningof simpli�cation by analyzing
the patternof potentialstrokes in a region of the picture.
However, during rendering,the a-priori density doesnot
provide informationaboutthecurrentdrawing. In contrast,
thecausaldensityprovidesup-to-dateinformationaboutthe
currentdrawing but doesnot have theability to look ahead
andexploit structureas�nely . Their combinationprovides
comprehensive informationandaffords powerful pictorial
cluttercontrol.

2. RelatedWork

Line-art illustrationhasreceivedmuchattentionin NPR
[5, 13]. The relatedclutter issueshave beenaddressedby
early paperssuchas the work by Winkenbachet al. [16]
who introducethenotionof indication, wherecomplex tex-
turesaredrawn fully only at a few locationsto suggestthe
complexity of thepatternbut reduceclutter. They introduce
andleveragethenotionof prioritizedstrokes[16,10], which
canbe seenasa pen-and-inktextural half-toningpatterns.
Strokesthat form a texturearemanuallysortedby orderof
importanceandagiventoneis obtainedby drawing strokes
in orderof importanceuntil the right intensity is reached.
Prioritizationensuresthat the most salientfeaturesof the
texture are drawn �rst. Our approachbuilds on this work
andextendsit from texturesto generalscenes.

Thenotionsof clutter, densityandtonearequiterelated
andotherNPRtechniqueshave built on half-toningto pro-
ducea tonewith strokeprimitives,e.g.[9].

Deussenetal. [3] proposeasimpli�cation approachded-
icatedto vegetationandtrees.Basedon the treehierarchy,
complex groupsof objects,suchasleaves,arereplacedby
simplerprimitives.In addition,a thresholdon the z-buffer
allows themto renderonly edgeswith largedepthdisconti-
nuities.Thispermitspowerful simpli�cation but heavily re-
lies on thehierarchicalrepresentationof vegetationandon
thez-buffer.

The work closestto oursis by Wilson et al. [15]. They
useline omissionto generatelighter drawings of complex
scenes.They alsousean estimationof the potentialdraw-
ing densityandrely on strokesprioritizationto drive omis-
sion.We introducemoreadvanceddensityinformationand
local structureanalysis,andshow how the combinationof
a-prioriandcausaldensityprovidescomprehensivecontrol.

2.1. Overview of the approach

Our approachto clutter control works in the context of
NPRline drawing. Themethodtakesasinput a largesetof
line primitivesthatis a supersetof the�nal drawing. These
linescancomefrom a2D or a3D source(silhouettes,etc.).
Wewill seethattheanalysisof this inputsetof linesallows



usto plansimpli�cation andextractlocalpatterns.Oursim-
pli�cation schemesrely only on line omissionandthemod-
i�cation of line attributes.We donotaddressherethetopo-
logicalmodi�cation of strokes.

We assumea renderingmethodwhere lines are pro-
cessedsequentially:Eachline is stylizedinto a stroke and
rendered,andweproceedto thenext one.Thissequentiality
matchestheprocessof drawing wheretheartistcanseethe
currentstateof thedrawing beforemakingdecisionsabout
thenext stroke.Weuseacausalnotionof densitywherethe
currentlocal complexity can be evaluatedand affect how
andwhetherto renderthenext stroke.This is theroleof the
causaldensity. It is causalin that it is updatedafter each
stroke is rendered,anda given stroke will causein�uence
only ontosubsequentones.For example,causaldensitycan
beusedto omit a givenstroke if thecurrentlocal densityis
toohigh.Causaldensityis describedin Section4.

Causalitymakesimportantthe order in which the lines
aredrawn. As a result,it canbe crucial to treatstrokesin
anappropriateordersothat,e.g.the“important” strokesare
rendered�rst andarelesslikely to beomitted.

This causaldensity information is essentialto control
theactualdrawing complexity. However, it is limited in its
ability to plan aheadandexploit repetitive structures.For
example,the indicationstrategy suggestsglobal complex-
ity by drawing only someregionsin full detail, usuallyat
theboundaryof thepattern.Thereforewe introducethea-
priori density information that measuresthe visual com-
plexity of the“potential” drawing, madeof theentireinput
setof lines.The a-priori densityis evaluatedat the begin-
ning of the drawing process,beforethe sequentialrender-
ing occurs.An informal interpretationis thatis corresponds
to thepreliminaryknowledgethatanartisthasof thescene.
Thea-prioridensityinformationandthecorrespondingpat-
ternanalysisaredescribedin Section3.

It is importantto notethatthesequantitiescanbequeried
at arbitrarylocations,scales,andorientationin thecaseof
thea-prioridensity. Simpli�cation andstylizationdecisions
canbebasedonasimpledensitycriterionatthestrokeloca-
tion, but it canalsoinvolve a morecomplex analysisbased
on densityqueriesat differentscales,locationsor orienta-
tions.In thispaper, weshow how simpleyetpowerful anal-
ysistoolscanbede�ned usingsuchqueries.

Finally, the philosophy of our approachis to separate
stylistic decisionsfrom technicalones.We provide den-
sity information, andwe leave it to the userto decideex-
actly how to exploit this information,in thecontext of pro-
grammableNPR styleswherethe usercande�ne shaders
that drive stylization and omissionof lines [6]. The vari-
ousstrategiesproposedin this paperto queryandexploit
densityaremeantasillustrationsof thepower of this infor-
mation,not ashard-codeddrawing styles.In this work, we
performclutter control using line omissionor by control-

ling theattributesof a stroke, but moreadvancedline sim-
pli�cation couldexploit ourdensitymeasures,e.g.[12].

3. A-Priori Density

While the notion of drawing complexity (or density)is
intuitive,its precisede�nition requirescare;Notionsof nor-
malizationandscalemustbecarefully treated.In addition,
becauseof theone-dimensionalnatureof linesandstrokes,
theirorientationplaysamajorrole.For example,if wehave
onevertical line in the middle of a large setof horizontal
lines,we might want to treatthesedifferently. In Figure9
for instance,we useddirectionality to distinguishthe hor-
izontal and the vertical barsof the grid, in order to avoid
removing horizontallines,dueto the high numberof ver-
tical crossinglines.We de�ne anestimatorfor line density
from theseconsiderations.

To addresstheserequirements,we borrow inspiration
from imagedecompositionssuchassteerablepyramids[4],
andrepresentthe notion of densityat differentscalesand
orientations.

3.1. A Line DensityEstimator

Intuitively, wede�ne densityatagivenpointandatscale
s asthe sumof the lengthof the lines includedin a circle
of radiuss normalizedby the areaof the circle. This nor-
malizationis importantto ensurescaleindependence.This
densityis measuringalengthby unit surface.To understand
theeffectof thescales, consideraregularpatternof vertical
lines.Whenthe radiuss grows, the lengthof eachline in-
sidethediskgrows linearly, andthenumberof linesthatin-
tersectthedisk alsogrows linearly. Theresultingquadratic
growth in length is compensatedfor by the normalization
by thediskarea,anddensityis mostlyindependentof s.

In practice,we usea spatially-weightedaveragewith a
circular Gaussiankernelof variances . We alsodecouple
informationaboutdifferentorientationsandde�ne density
for a givendirection~u usinga falloff wo on thedirectionof
the line. The densityof a setof lines L at a point Q, for
scales andorientation~u is then:

d(Q;s ;~u) =
Z

P2L
wd(P;Q;s )wo(P;~u) dl (1)

wherewd is the normalizedcircular Gaussianfunction of
standarddeviations :

wd(P;Q;s ) =
1

2ps 2 e� k
�!
PQk2

2s 2 (2)

andwo the orientationweightingfunction that dependson
q(P), theanglebetweentheline tangentatpointP and~u:

wo(P;~u) =
�

jcos( nq(P)
2 )j; if q(P) 2 [� p

n ; p
n ];

0 otherwise
(3)
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Figure 2. A-Prio ri Density Map Pyramids for the house model (drawn in negative with a higher gamma for viewing
convenience). Each column corresponds to a di�erent direction and shows three levels (the base,s = 2 and 5 pixels) of
the corresponding Gaussianpyramid. The �fth column shows the a-priori density map with respect to all four directions.

n controlstherangeof anglesagivenpointof L contributes
to. This falloff functionis usedto ensurepropernormaliza-
tion whenthedirectionsarediscretized.It is relatedto the
steerableinterpolationweights[4].

As discussedabove for the simplecaseof the disk and
vertical lines,we usea normalizedversionof theGaussian
function for this estimator, so as to ensurethat the mean
linesdensityvaluefor thedrawing is thesamewhatever s
wasusedto de�ne thescaleof eachpunctualestimation.

3.2. A-Priori DensityMaps

For ef�cient computationandaccess,wefollow thepyra-
mid [1] andsteerablepyramid[4] approachesandstorethe
densitymeasurefor dyadicscalesanda numberof orien-
tation bands.The illustrationsof this paperweredoneus-
ing four directions,whoseangleswith the horizontalare
(0; p

4 ; p
2 ; 3p

4 ). This hasproved suf�cient for characterizing
most structuralaspects.We also set n = 4 in formula 3,
equalto thenumberof directions; this way a segmentcon-
tributesatmostto two consecutivedirectionalmaps.There-
fore,eachmapis associatedto aspeci�c directionandscale,
andstorestheline densitymeasuredatpixel positions,with
respectto thisdirectionandthisscale.

Figure2 shows a subsetexampleof suchmapsfor the
housemodel,whoseinitial arrangementof linescanbeseen
in Figure1. In additionto the four directionalpyramidsof
images,we storeanextra pyramidfor theomni-directional

a-prioridensitythatencodesthecontributionsof all linesre-
gardlessof theirorientation.

Therenderingof thepyramidsbasismapsis madeusing
OpenGL:for eachof thefour directions,eachline segment
is givena color re�ecting its directionalweightwo with re-
spectto theconsidereddirection(seesection3.1) andren-
deredusingadditiveblending.Wethenbuild Gaussianpyra-
midsfrom eachof thefour basismaps.

The most direct use of this information is the iden-
ti�cation of denseareasof a drawing, with respectto
a given scale and orientation, available through sim-
ple queries. Such areascorrespondto dark regions in
Figure2.

A-priori densitycouldalreadybeusedto driveline omis-
sion, for exampleby assigningeachstroke an “omission
probability” inverselyproportionalto its a-prioridensity, as
illustratedby Figure3. This techniqueallows for control-
ling the �nal meandensity, but doesnot provide any �ne
control over strokes placement,as afforded by the causal
density(seesection4)

3.3. Densityvariations acrossspace,scaleand ori-
entation

We now show how theorientedmulti-scaleinformation
containedin our a-priori densitypyramidscanbe usedto
analyzestructureandenablesimpli�cation strategiessuch
as indication.For this, we borrow inspirationfrom image
andpatternanalysis.As seenin formula1, thea-prioriden-



Figure 3. A-priori density is used to drive line-
omission: the probabilit y for each line to be dismissed
is inversely proportional to its density. This provides
coarse control over the mean �nal density but no �ne
control over the placement of the strokes, leading to
this \random" look. The causal density (section 4) is
dedicated to this objective, as demonstrated by Fig-
ure 8 for instance.

sity is a 3-parameterizedfunction of space(x,y), scale(s )
and direction (~u). Importantstructuralaspectsof drawing
complexity canberevealedbystudyingthevariationof den-
sity alongeachparameterdimension.To gaininsight,we�x
two parametersout of threeandstudythedensityresponse
whenthethird parametervaries.

Spatial boundaries In many simpli�cation schemes,the
boundariesof denseareasreceivespecialtreatments.In par-
ticular, indicationstendto be locatedin theseregions(see
section5).Boundariescanbeidenti�ed by studyingthespa-
tial derivative of densityds0;~u0(P), at a given scales0 and
for a givendirection~u0. Similar to edgedetection,this can
be doneby computingthe gradientimageof the map of
scales0 anddirection~u0. Moreadvanceddetectionschemes
inspiredfrom imageprocessingcouldalsobeused.

Dir ectional distrib ution As mentionedabove, different
pictorialstrategiesmightbeuseddependingonwhetherthe
complexity of adenseregion is dueto linesdirectedalonga
few preferreddirectionsor whetherno principal direction
standsout. We say that density is anisotropic, when one
or few directionsdominate,isotropicotherwise.Thedegree
of isotropy canbecharacterizedby studyingds0;P0(~u), at a
givenscales0 andfor a givenpoint P0. In Fig. 4 we show
how the pro�le of the function ds0;P0(~u) variesdepending
on the arrangementof the surroundinglines, which per-
mits the determinationof the isotropy or anisotropy of the
density. In particularweemphasizethedifferencesbetween
two anisotropicpro�les measuredfor pixels of the house
model'sroof,andputthemin contrastwith anisotropicpro-
�le observedonapixel of thetreemodel.

Scale Whendealingwith repetitivestructure,it is oftenim-
portantto characterizethe scaleof a pattern.This is also
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Figure 4. Scaleand directional pro�les of the a-priori
density. Top: four pixels chosenat particula r positions
on the roof and tree images. Middle: The scalepro�le
of the a-priori density for pixels1,2,3. Although having
very di�erent densities at low scales,the three curves
converge toward a plateau at s = 4. Bottom: Direc-
tional pro�les for pixels 1,3,4. The two �rst pro�les
(from the roof image) characterize a high anisotropic
density respectively along the horizontal and p

4 direc-
tions. The last pro�le (from the tree image) corre-
sponds to a high isotropic density.

crucialin ourcasebecauselinesareessentiallyDiracdistri-
butions,andthescaleatwhichdensityis queriedcanhavea
strongin�uence on theresult:at thesmallestscale,theim-
ageis essentiallya binary function that correspondsto the
presenceof lines.We show thata �ne scaleanalysiscanbe
carriedout, which permitspreciseselectionof the lines to
omit. For example,we candraw a roof with onetile out of
two, or with a few groupsof n tiles. For this, it is essen-
tial to have a systematicway to extract the characteristic
scalein order to make the simpli�cation criteria indepen-
dentof thescene.

Thescaleof denserepetitive areascanbecharacterized
by studyingdP0;~u0(s ) atagivenpointP0 andfor agivendi-
rection~u0. In the caseof a complex region madeof small
repetitive patterns,this function containsa plateau:since



our densityestimatoris normalizedby the areaof its sup-
port region (section3.1), it gives the sameresult at mul-
tiple scalesfor periodic structures,as soon as the scale
is higher than the patternsize and smaller than the dis-
tanceto the region boundary. Thus, the patternsize can
be inferred from the s value at which this plateaube-
gins (just as the frequency of the line distribution in the
area). Likewise, the distanceto the structure's bound-
ary canbeobtainedfrom thes valueat which theplateau
ends.Figure4 showshow thescalepro�les for threediffer-
entpointsof thehousemodel's roof, convergetowardsuch
aplateau,thoughbeingverydistinctatsmallscales.In Fig-
ure 8, we use this property to retrieve the size of a tile,
in order to drive line omission at two different lev-
els. More detailsabout this illustration are given in sec-
tion 5.

Sofar, wehavediscusseddensityandvariationsatasin-
gle spatialpoint. For 1D primitives, this information can
be aggregatedover a line usinga variety of simplestatis-
tical toolssuchasmean,min, max,or variance,depending
on the application.It is then possibleto extract the same
spatial,directional,andscalecharacteristicsfor a line, i.e.
to tell for eachline in the drawing whetherit belongsto a
denseregion, whetherthis region is denseisotropicallyor
anisotropically, etc.In thisway, linescanbepreciselychar-
acterized,allowing for advancedomissionandstylization.

4. CausalDensity

Thea-priori densitydiscussedthusfar permitstheanal-
ysisof thepotentialdrawing if all the linesweredrawn. It
providespowerful analysistools,but unfortunatelydoesnot
allow for �ne controlof the �nal drawing's appearance,as
illustratedin Figure3. In particular, it cannotguaranteethat
the densityof the actualdrawing doesnot exceeda given
threshold,nor thatno pair of strokesis too closein theim-
age.This is why we alsousea causaldensitythatcomple-
mentsthe a-priori densityandre�ects the currentstateof
thedrawing. It is updatedaftereachstrokeis drawn andcan
beusedto stylizeor decideto omit subsequentstrokes.

4.1. A Strokedensityestimator

The causaldensityestimatorworks on the arrangement
of strokesrenderedin thecurrentdrawing. We choseto use
thestandardnormalizedGaussianfunctionof standarddevi-
ations , convolvedwith theluminanceimageI of thedraw-
ing asourestimator. Similar to thede�nition of thea-priori
densityin eq.1, theestimationof thestroke densityin im-
ageI atapointQ canthenbewrittenas:

d(Q;s ) =
Z

P2I
wd(P;Q;s )I (P) dP (4)

wherewd is theGaussianfunction,de�nedby formula2.
It indicateshow “dark” thedrawing locally iswith respectto
thegivenscalede�ned by s . Eachaddedstrokecontributes
to “darken” theimageanamountthatdependson its color,
size,thicknessandon thescales .

As for the line densityestimator, we usea normalized
versionof the Gaussianfunction so that the meanstroke
densityof thedrawingdoesnotdependonthescaleatwhich
thequeriesaremade.

In our approach,the causaldensity can be queriedat
multiple scales.However, becausecausaldensity is re-
freshedafter every stroke, we have not found it bene�cial
to storeit in a pyramid.Queriesareimplementedby actu-
ally integratingtheinformationaroundanareaandqueries
ata largescalearemorecostly.

For performancereasons,we have chosennot to encode
causaldensityat multiple orientations.In contrastto the
line densityestimator, it doesnot take directionality into
account.Nonetheless,a directionality dependency might
be taken into accountusingthedirectionalinformationaf-
fordedby thea-priori densityinformation.

4.2. Causality and StrokeOrdering

As pointedout by Winkenbachet al. [16] andSalisbury
etal. [10], strokeprioritizationis crucialwhenstrokeomis-
sion is usedto control tone or densityin the �nal image.
Becauseour secondmeasureof densityis causal,the �rst
strokeshave morein�uence on therestof thedrawing and
it can be important to make surethat the importantones
aredrawn �rst. For example,whenusingline omission,the
mostimportantlineshaveto bedrawn �rst to minimizetheir
chanceof beingdismissed.

This orderingdependson stylistic choices.In our ap-
proach,it canbede�ned usingany typeof informationon
the line, 3D or 2D, including the a-priori densityestima-
tion. Figure5 shows two simpli�ed versionsof a sun�ower
obtainedusing causaldensity. In the �rst one, the order-
ing gives the highestpriority to strokes with high depth
discontinuities.In contrast,in the secondpicture, strokes
aredrawn in anarbitraryorder. Noticein particularthat,in
theorderedversion,thelimit of the�o wer's centerappears
morepronouncedandthe shapeof the seedsis bettersug-
gested.

De�ning pertinentcriteriafor feature-lineorderingis an
exciting avenueof futurework.

4.3. StrokeOmission,Densityand Regularity

A largeclassof simpli�cation strategiesarebasedonline
omission.Thiscanbeachievedusingcausaldensity, by test-
ing, for eachstroke, themeasureddensityagainsta thresh-
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Figure 5. It is essential to order the linesprior to using
causaldensity.(a) all the visible lines. (b) useof causal
density for line omission when lines are ordered using
depth discontinuit y, and (c), without line ordering.

old t to decideto draw it or not. The correspondingnä�ve
algorithmis:

for each strokes
d = densityof thedrawingundersat scales
if d < t

draw(s)

Two parameterscontrol this algorithm:the scales and
thethresholdt .

Theresultingdrawing canbequali�ed in two terms,the
average�nal density(intuitively the total numberof lines
drawn) andtheregularity of thedistributionof lines.

The objective of simpli�cation is to get a smallerden-
sity than initially. The �nal set of strokes can be seenas
a subsampleof the input lines. As with any samplingap-
proach,the notion of regularity is importantto character-
izehow spatially-uniformthe�nal distribution is. For a tar-
get densitythresholdt testedat a given scales , different
drawings can be obtainedfrom the samearrangementof
lines,dependingon theorderin which linesareprocessed.
A drawing wherelinesappearmoreevenly-spacedis saidto
bemoreregular thanonedisplayingclustersof tight lines.
Figure6 illustratesthis property. This notion of regularity
is relatedto theFourierspectrumof non-uniformsampling
patternsusedin antialiasing[8] andto thediscrepancy used
to studyMonte-Carlointegration[11], but wewill leave the
discussionataninformal level.

Theeffectsof thetwo parameterss andt on theresult,
i.e. the�nal averagedensityandtheregularity of thedraw-
ing areimportantanddeserveadiscussion.Considerasitu-
ationwherea simplethresholdt is usedon thecausalden-
sity queriedat a givenscales . Table1 summarizesthede-
pendenciesbetweenthesedifferentvaluesby showing how
regularityandthe�nal averagedensityvarywheneitherthe
thresholdt or thescales areincreased.

We informally discussthe resultsof the last row of ta-
ble 1, which areobtainedwhens increaseswhile t stays
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Figure 6. Despite the di�erence in the distribution
of the lines observed in these two images, the density
(computed at the scaleof the gray circle at its center)
is the same.The linesdistribution on the right issaidto
bemore regular than the oneon the left.

test:d < t test:d < t
s 2

parameter regularity density regularity density

t % & % & %
s % & � � &

Table 1. E�ects of parameters scales andthreshold t ,
on regularit y and �nal averagedensity.

constant.It is �rst importantto noticethat,sincewe usea
normalizedde�nition of density, thedensityestimationdoes
not changewith s whenthescaleis above thecharacteris-
tic scaleof a repetitive pattern,(seesection3.3).Then,we
observe that whenthe scaleis increased,the preciseloca-
tion of lines is lessconstrained,leadingto more irregular
setsof lines. Indeed,The thresholdt is now enforcedon
larger neighborhoodsasde�ned by s . This effect is illus-
tratedin Figure7.
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Figure 7. E�ect of increasing the scales on the regu-
larit yof the linesdistribution. Right: s = 2, t = 0:2.Left:
s = 7, t = 0:2. The �nal density isthe samein both illus-
trations, but only the image on the right contains pairs
of closelines.

On the otherhand,if the thresholdis inverselypropor-
tional to s 2, which is equivalent to working with a non-
normalizedversionof theGaussianfunction,thenincreas-
ing s decreasesthe�nal drawing density, asthenumberof
strokes allowed on a given areais the samewhatever the
sizeof this area.In this case,the regularity remainsglob-



ally unchangedaslowering thenumberof strokesallowed
onagivenareadecreasesthechancesof clutterfor thisarea.

Thedesiredresultof asimpli�cation basedonline omis-
sion, often consistsin having at leasta certainamountof
free areasurroundingeachline, which is obtainedby set-
ting ascalecorrespondingto theminimumspacingbetween
two strokesanda low threshold.

5. Applications and Results

We now presentresultsdemonstratinghow thesetwo
densityde�nitions complementeachotherandpermit the
implementationof simpli�cation strategies.

Thecomputationtimesrequiredto generatethe illustra-
tions of this papervary betweena few secondsanda few
minutes:Usinga-prioridensityis fastthanksto theprecom-
putationof thedensitymaps,on theotherhand,thecausal
densityis evaluateduponrequesteachtime a stroke is to
bedrawn andis thereforethemosttime-consumingopera-
tion (in particularat largescales).

Uniform pruning We describe�rst a simpli�cation strat-
egy where we emphasizeregularity and omit lines uni-
formly. We decideto consideruniformity in object space
in orderto preserve thegeometricregularityof thescene.

Figure8 demonstratestwo levelsof uniform pruningon
the tiled roof of a house.In both cases,the lines belong-
ing to largeregionsof highvisualcomplexity are�rst iden-
ti�ed using the omni-directionalmap of the a-priori den-
sity, for scales = 4. Next, from the scalepro�le (section
3.3) of the a-priori densitywe set the kernel's sizeof the
causaldensityestimatorto nearlymatchtwice the sizeof
a tile, for the left image,and twice as much for the mid-
dleone.Thus,theimagesaresimpli�ed uniformly, keeping
respectively all or half of thetiles.

Figure9 demonstratesthe high control over line omis-
sionby simulatingthe3D perspective effect throughmulti-
scalequeriesof the causaldensity;Our goal is to draw a
simpli�ed version(top)of agrid (bottom)in themostnatu-
ral way:eachbaris representedwith asingleline insteadof
two, andonly half of theverticalbarsaredrawn. Thebars
areuniformly distributedalongthegrid, with a decreasing
spacingaswearemoving awayfrom theviewpoint,soasto
respectthe perspective impression.This wasdoneby sub-
jectingthe linesto thecausaldensity, thesizeof theGaus-
siankerneldependingonthedepthof theprocessedline (the
kernel's size is approximatelytwice the spacingbetween
two lines in the simpli�ed image).Furthermore,we relied
on thedirectionalinformationprovidedby thea-prioriden-
sity to sethigherthresholdswhenthea-prioridensityis low
in the direction of the currentstroke. This is requiredto
avoid systematicomissionof horizontallines,whosecausal
densityis obviouslyhigher, dueto thepotentiallyhighnum-
berof verticalcrossinglines.
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Figure 9. A uniformly simpli�ed illustration (top) of a
grid (bottom) obtained using causaldensity. Each bar
is drawn using a single line and exactly half of the bars
were homogeneouslydismissed.The dismissalthresh-
oldsarefurthermo redirection-dep endent soasto avoid
the systematic omission of horizontal lines of higher
causaldensity.

Fig. 10 illustratesthe useof the variousdensitymea-
suresto control clutter but preserve the impressionof vi-
sualmass.Thecomplex objectincludesmany near-parallel
lines(not necessarilystraight)andwe make a heavy useof
directionala-prioridensityinformationto treatlinesaccord-
ing to the presenceof near-parallelneighbors.We �rst se-
lectthelinesthataresurroundedbynearly-parallellines,i.e.
having a highly anisotropicdensity, usingthea-priori den-
sity directionalpro�le (section3.3).Theselinesarethenor-
deredby decreasinglength,anddrawn usingcausaldensity
for line omission(bottomleft). In a secondpass,we take
careof linessurroundedby amoreisotropicdensity(nopre-
ferreddirectionin thesetof neighboringlines)andremove
theonesthatarein a region of high overall a-priori density
at a fairly large scale.Notice how the drawing is success-
fully simpli�ed (theimageonthebottomright showsall the
linesthataretotally omitted)while retainingapropermean-
ing. We furthermoreusea programmableline shader[6] to
thickentheresultingorphanlines.

Indication This simpli�cation strategy exploits repetition
by suggestingthe overall complexity through few well-
positioneddetailedparts.

We notice that theseindicationsaremost useful at the
boundariesof denseregionsandusethis propertyto pro-
ducethesimpli�ed imagesof thehouseandtree,�gure 1 at
thebeginningof thepaper.

In the house illustration, we �rst select all lines
from large regions of high density by querying the
omni-directional map of the a-priori density. The re-
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Figure 8. Uniform pruning of the tiled roof. From the scalepro�le (section 3.3) of the a-priori density, the proper kernel
sizeisinferred for the causaldensity, soasto draw asimpli�ed roof with all the tiles (left) or half of them (middle). The right
column shows close-upson (top) the initial set of lines (middle) the left image, (bottom) the middle image. Notice how,
although drawing all tiles, the middle imageyet showslesscomplexit y than the initial one.
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Figure 11. Intermediate maps used for the house il-
lustration of Figure 1. Left: The omni-directional den-
sity map. Right: The gradient image computed on this
map. This image isnot actually stored asgradient com-
putations are madeon the 
y .

maining is similar for both the houseand tree illustra-
tions.The linesaresubjectedto thecausaldensitywith an
omissionthresholdproportional to the value of the gra-
dient computedon the omni-directionala-priori density
map at a fairly low scale. This way, lines are prefer-
ably kept in areasof high gradient,i.e. next to the bound-
ariesof high-densityregions.Figure11 shows the a-priori
densitymap that was usedto producethe houseillustra-
tion andthecorrespondinggradientimage.

6. Conclusionsand Futur eWork

We have introducedtwo measuresof drawing density
to controlandpreventclutter. Thea-priori densityis com-
putedoncefor all, beforerendering,on thefull setof lines
composingtheview. It canbequeriedatdifferentlocations,
scalesandorientationandpermitspowerful analysisof lo-
cal structure.In contrast,our causaldensityis updatedas

thedrawing is createdtherebyproviding informationabout
thecurrentstateof thedrawing in orderto offer �ner con-
trol on the �nal result.Taken in isolation,thesetwo mea-
suresprovideusefulinformationto drivesimpli�cation and
omissionstrategies.But it is really whenthey areexploited
togetherthatthey offer apowerful and�ne controlonthe�-
nal complexity, regularity, andstyleof thedrawing. In par-
ticular, we have shown that they facilitatethe exploitation
or emphasisof regularity in theview usingpictorial strate-
giessuchasuniformpruningor indication.

Our work opensseveralavenuesof futureresearch.The
strategies that we have proposedare only illustrationsof
thepower of appropriatedensityinformation.We hopethat
subsequentwork will proposenew stylesand approaches
to clutter analysisandcontrol. In addition,causaldensity
profoundlyraisesthe issueof stroke ordering:Which fea-
ture lines aremorecrucial for the faithful depictionof an
object?We believe that geometry, perception,andpattern
analysismustbeleveragedto yield pertinentestimatesof a
stroke's importance.This alsosuggeststhatmoreadvanced
imageprocessingoperationson densityandotherinforma-
tion aboutthe view shouldbe explored.Density informa-
tion should�nally becombinedwith semanticor cognitive
informationsuchaseye-trackingpatterns[2].

Acknowledgments We thankSylvain Paris for usefuldis-
cussions.Thisprojectwassupportedby MIT Franceandan
équipeassocíeeINRIA.
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Figure 10. The visualclutter dueto near-parallel linesislimited usingthe directional pro�le of the a-priori density (section
3.3). Top left: all visible lines.Top right: Final rendering. Bottom left: long lineswith high anisotropic density. Bottom center:
short linesor linesof high isotropic density. Bottom right: linesthat are omitted in the �nal image.
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