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Figure 1. Simpli ed illustrations produced by our system using an indication strategy. The initial and simplied versions
are respectively on the left and on the right. The objective is to keep a few complex regions at the borders of visually-

denseregions to suggesttheir overall complexity.

Abstract

We presentan appmoad for clutter control in NPRIine
drawing whele measues of view and drawing compleity
drive the simpli cation or omissionof lines.We de ne two
typesof densityinformation: the a-priori densityand the
causaldensity and usethemto control which parts of a
drawing needsimpli cation. Thea-priori densityis a mea-
sure of the visual compleity of the potentialdrawing and
is computedon the completearrangementof lines from
the view. This measue affords a systematicappmoad for
characterizing the structue of cluttered regionsin terms
of geometry scale and directionality The causaldensity
measuesthe spatial compleity of the current stateof the
drawing as strokes are added,allowing for clutter control
through line omissionor stylization. We show how these
densitymeasuespermita varietyof pictorial simpli cation
styleswhete compleity is reduceckitheruniformly, or in a
spatially-varyingmannerthroughindication

1. Intr oduction

Line drawing can producelegible renditionsof com-
plex sceneswith a remarkableeconomyof means.In re-
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centyears,the eld of Non-PhotorealistidRenderinghas
proposeda variety of techniquedo produceline dravings
from 2D and3D inputs.However, whenthescenecomple-

ity grows, the resultingimagesmay suffer from clutter as
too mary lines are dravn on a small area.This problem
is raisedby complex structuressuchas brick walls, tiled

roofs, trees,andbecomesnore pronouncedsthesestruc-
turesareviewed at grazinganglesIn contrasto photogra-
phy, drawingsafford omissionof detailsor abstractionand
artistshave developeda numberof pictorial techniquedo

preventclutterwhile preservingshapeandinformation.For

example they omit structureghataretoo small,exploit rep-
etition in the sceneandomit texture detail. They carefully
control the local amountof strokes, or density in orderto

avoid clutter, focusattention,andcreatedynamism.

In particulay repetitive or semi-repetitre structuresuch
astexture,vegetation,or clustersof similar objectsraisein-
triguing cognitive and pictorial issuesbecausef the high
clutter they generateand becausesimilarity might be em-
phasizedor exploited. We identify two pictorial stratgies
usedby artiststo addres<clutter in line drawing of repet-
itive or nearregular structuresThey differ in their focus
(emphasizers. exploit repetition)andvisual style (uniform
vs. spatially-\aryingdraving compleity).

Uniform pruning ensureslow complity by omit-
ting lines homogeneouslyThis leadsto a picture of uni-
form densitywherethe original view compleity is com-



pletely hidden.Regularity is emphasizedh thatthe depic-

tion of the regular structureis regularaswell. In practice,
uniform pruning can be achieved through level of de-

tail, whereeachpatternis simpli ed by omitting secondary
strokes; or throughsub-samplingf the patternswhereen-

tire patternsare omitted,for exampledrawing every other

linein agrid.

Indication exploits repetitve structuresandrelieson non-
uniform simpli cation to lower the overall compleity but
suggesthefull compleity in smallregions[16]. Theartist
drawsin full detailonly afew partsof arepetitive structure
so asto suggesits overall compleity, for example,a few
tiles on aroof. The objectie is to presere enoughpattern
structurego corvey informationin all its complexity.

Thesestratgies can be combinedwith semanticinfor-
mationto emphasizémportantpartsof thedrawing through
selectve simpli cation.

We believe that careful control of clutter is fundamen-
tal for compellingcomputerdepiction. For this, it is cru-
cial to devisesimpli cation approachedyut alsosystematic
tools to estimatecompleity in the view andin the draw-
ing. Previousapproachebave presenteghowverful methods
to controltoneandcompleity in aline drawing. However,
they oftenrely on manualspeci cation of omissionstrate-
giesanddensitythresholdsOur work focuseson the auto-
matic determinatiorof compleity, repetition,andsimpli -
cationstratgiesfor cluttercontrolin line draving.

Contrib utions

We presenta generalapproachto control line-draving
simpli cation basedon line omissionand stylization. We
introducemeasure®f densityto quantify visual comple-
ity in adrawing. We rst de ne an a-priori densityinfor-
mationthatcapturesiow visually comple the draving will
beif all the input lines from the currentview are dravn.
It is computedat multiple scalesand orientationsand can
be exploited to analyzelocal structurein orderto exploit
and prevent clutteredrepetitive patternsNext, during ren-
dering,we estimatehecurrentdrawing compleity through
a so-calledcausaldensity This densityinformationis up-
datedeachtime a stroke is addedin a way similar to Sal-
isbury et al. [10]. Omissionor stylistic decisionscanthen
betakenfrom thisinformationto nely controlthe nal im-
agecompl«ity. We alsoshaow thatrenderingmayneedo be
precededy a stroke prioritizationsincethe orderin which
strokesaredravn matters.This relatesto prioritized stroke
textures[16, 10] andtonalart maps[14, 7] wheretheorder
ing is de ned manually We shav how thesetools canbe
usedto achieve differentpictorial clutter control. In partic-
ular, we demonstratdoth uniform pruningandindication.

We emphasize¢hatbotha-priori andcausaldensitiesare
necessaryor appropriateclutter controlandthatit is their

combinationthat provides ne simpli cation. The a-priori
densitypermitsthe planningof simpli cation by analyzing
the patternof potentialstrokesin a region of the picture.
However, during rendering,the a-priori density doesnot
provide informationaboutthe currentdrawing. In contrast,
thecausablensityprovidesup-to-datenformationaboutthe
currentdraving but doesnot have the ability to look ahead
andexploit structureas nely. Their combinationprovides
comprehense information and affords powerful pictorial
cluttercontrol.

2. RelatedWork

Line-artillustration hasreceved muchattentionin NPR
[5, 13]. The relatedclutter issueshave beenaddressedy
early paperssuchas the work by Winkenbachet al. [16]
who introducethe notionof indication, wherecomplex tex-
turesaredrawn fully only at a few locationsto suggesthe
compleity of the patternbut reduceclutter They introduce
andleveragethenotionof prioritizedstrokes[16, 10], which
canbe seenasa pen-and-inktextural half-toning patterns.
Strokesthatform atexture aremanuallysortedby orderof
importanceanda giventoneis obtainedby drawing strokes
in orderof importanceuntil the right intensityis reached.
Prioritization ensureghat the most salientfeaturesof the
texture aredravn rst. Our approachbuilds on this work
andextendsit from texturesto generakcenes.

The notionsof clutter, densityandtonearequite related
andotherNPRtechniquesave built on half-toningto pro-
duceatonewith stroke primitives,e.g.[9].

Deusseretal. [3] proposesimpli cation approactded-
icatedto vegetationandtrees.Basedon the treehierarcly,
comple groupsof objects,suchasleaves,arereplacedoy
simplerprimitives.In addition,a thresholdon the z-buffer
allows themto renderonly edgeswith large depthdisconti-
nuities.This permitspowerful simpli cation but heavily re-
lies on the hierarchicalrepresentationf vegetationandon
the z-huffer.

The work closestto oursis by Wilson et al. [15]. They
useline omissionto generatdighter dravings of comple
scenesThey alsousean estimationof the potentialdraw-
ing densityandrely on strokesprioritizationto drive omis-
sion.We introducemoreadvanceddensityinformationand
local structureanalysis,and shov how the combinationof
a-prioriandcausabdensityprovidescomprehensie control.

2.1. Overview of the approach

Our approachto clutter control worksin the context of
NPRIine draving. The methodtakesasinput a large setof
line primitivesthatis a supersebf the nal drawing. These
linescancomefrom a 2D or a 3D source(silhouettesetc.).
We will seethattheanalysisof thisinputsetof linesallows



usto plansimpli cation andextractlocal patternsOur sim-
pli cation schemesely only online omissionandthe mod-
i cation of line attributes.We do notaddresserethetopo-
logical modi cation of strokes.

We assumea renderingmethod where lines are pro-
cessedsequentiallyEachline is stylizedinto a stroke and
renderedandwe proceedo thenext one.This sequentiality
matcheghe proces®f draving wherethe artistcanseethe
currentstateof the drawing beforemakingdecisionsabout
thenext stroke. We usea causahotionof densitywherethe
currentlocal complity can be evaluatedand affect how
andwhetherto renderthenext stroke. Thisis therole of the
causaldensity It is causalin thatit is updatedafter each
stroke is renderedanda given stroke will causein uence
only ontosubsequertnes.For example,causaldensitycan
be usedto omit a givenstroke if the currentlocal densityis
too high. Causaldensityis describedn Section4.

Causalitymakesimportantthe orderin which the lines
aredrawn. As aresult,it canbe crucialto treatstrokesin
anappropriaterdersothat,e.g.the“important” strokesare
renderedrst andarelesslikely to beomitted.

This causaldensityinformation is essentialto control
the actualdrawving compleity. However, it is limited in its
ability to plan aheadand exploit repetitve structuresFor
example,the indication stratgyy suggestglobal complex-
ity by draving only someregionsin full detail, usuallyat
the boundaryof the pattern.Thereforewe introducethe a-
priori density information that measureghe visual com-
plexity of the “potential” drawing, madeof the entireinput
setof lines. The a-priori densityis evaluatedat the begin-
ning of the drawing processheforethe sequentiatender
ing occurs An informalinterpretatioris thatis corresponds
to the preliminaryknowledgethatanartisthasof the scene.
Thea-prioridensityinformationandthecorrespondingat-
ternanalysisaredescribedn Section3.

It isimportantto notethatthesequantitiescanbequeried
at arbitrarylocations,scalesandorientationin the caseof
thea-prioridensity Simpli cation andstylizationdecisions
canbebasednasimpledensitycriterionatthestroke loca-
tion, but it canalsoinvolve a morecomple analysisbased
on densityqueriesat differentscales)ocationsor orienta-
tions.In this paperwe shav how simpleyet powverful anal-
ysistoolscanbede ned usingsuchqueries.

Finally, the philosoply of our approachis to separate
stylistic decisionsfrom technicalones.We provide den-
sity information andwe leave it to the userto decideex-
actly how to exploit this information,in the context of pro-
grammableNPR styleswherethe usercande ne shades
that drive stylization and omissionof lines [6]. The vari-
ous stratgies proposedn this paperto query and exploit
densityaremeantasillustrationsof the power of this infor-
mation,not ashard-codediraving styles.In this work, we
performclutter control using line omissionor by control-

ling the attributesof a stroke, but moreadvancedine sim-
pli cation couldexploit ourdensitymeasures.g.[12].

3. A-Priori Density

While the notion of drawing compleity (or density)is
intuitive, its precisede nition requirescare;Notionsof nor
malizationandscalemustbe carefully treated.In addition,
becausef the one-dimensionahatureof linesandstrokes,
their orientationplaysamajorrole. For example,if we have
one vertical line in the middle of a large setof horizontal
lines, we might wantto treatthesedifferently In Figure9
for instancewe useddirectionalityto distinguishthe hor-
izontal andthe vertical barsof the grid, in orderto avoid
removing horizontallines, dueto the high numberof ver-
tical crossinglines.We de ne an estimatorfor line density
from theseconsiderations.

To addresstheserequirementswe borrown inspiration
from imagedecompositionsuchassteerablgyramids[4],
andrepresenthe notion of densityat differentscalesand
orientations.

3.1. A Line Density Estimator

Intuitively, we de ne densityatagivenpointandatscale
s asthe sumof the lengthof thelinesincludedin a circle
of radiuss normalizedby the areaof the circle. This nor
malizationis importantto ensurescaleindependencelhis
densityis measuringalengthby unit surface.To understand
theeffectof thescales, consideraregularpatternof vertical
lines. Whenthe radiuss grows, the length of eachline in-
sidethedisk grows linearly, andthe numberof linesthatin-
tersecthedisk alsogrows linearly. Theresultingquadratic
growth in lengthis compensatedbr by the normalization
by thedisk area,anddensityis mostlyindependentf s.

In practice,we usea spatially-weightedaveragewith a
circular Gaussiarkernel of variances . We alsodecouple
informationaboutdifferentorientationsandde ne density
for agivendirectiont usingafalloff w, onthedirectionof
the line. The densityof a setof linesL ata point Q, for

scales andorientationd is then:
Z

d(Qrs;t) = W (P, Q; s)wo(P4) d 1)
L

wherewy is the normalizedcircular Gaussiarfunction of
standardieviation s :

kF;ka

1
wy(P,Q;s) = We 252 2

andw, the orientationweighting function that dependon
g(P), theanglebetweertheline tangentat point P and:
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Figure 2. A-Priori Density Map Pyramids for the house model (drawn in negative with a higher gamma for viewing
convenience). Each column correspondsto a di erent direction and shows three levels (the base,s = 2 and 5 pixels) of
the corresponding Gaussianpyramid. The fth column showsthe a-priori density map with respect to all four directions.

n controlstherangeof anglesagivenpointof L contrikutes
to. Thisfalloff functionis usedto ensurgpropernormaliza-
tion whenthe directionsarediscretizedlt is relatedto the
steerablénterpolationweights[4].

As discussedbore for the simple caseof the disk and
vertical lines, we usea normalizedversionof the Gaussian
function for this estimator so asto ensurethat the mean
lines densityvaluefor the drawing is the samewhatever s
wasusedto de ne the scaleof eachpunctualestimation.

3.2. A-Priori Density Maps

For ef cient computatiorandaccesswefollow thepyra-
mid [1] andsteerablgyramid[4] approacheandstorethe
densitymeasurdor dyadic scalesand a numberof orien-
tation bands.The illustrationsof this paperweredoneus-
ing four directions,whoseangleswith the horizontalare
(0,25, %’3). This hasproved sufcient for characterizing
most structuralaspectsWe also setn = 4 in formula 3,
equalto the numberof directions; this way a segmentcon-
tributesat mostto two consecutie directionalmaps.There-
fore,eachmapis associatetb aspeci c directionandscale,
andstoregheline densitymeasuredct pixel positionswith
respecto this directionandthis scale.

Figure 2 shavs a subsetexampleof suchmapsfor the
housemodel,whoseinitial arrangementf linescanbeseen
in Figurel. In additionto the four directionalpyramidsof
imageswe storean extra pyramidfor the omni-directional

a-prioridensitythatencodeshecontrikutionsof all linesre-
gardlessof their orientation.

Therenderingof the pyramidsbasismapsis madeusing
OpenGL:for eachof thefour directions,eachline sgment
is givenacolor re ecting its directionalweightw, with re-
spectto the consideredlirection(seesection3.1) andren-
deredusingadditive blending. We thenbuild Gaussiamyra-
midsfrom eachof thefour basismaps.

The most direct use of this information is the iden-
ti cation of denseareasof a drawing, with respectto
a given scale and orientation, available through sim-
ple queries. Such areascorrespondto dark regions in
Figure?2.

A-priori densitycouldalreadybeusedto drive line omis-
sion, for example by assigningeachstroke an “omission
probability” inverselyproportionalto its a-priori density as
illustratedby Figure 3. This techniqueallows for control-
ling the nal meandensity but doesnot provide ary ne
control over strokes placementas afforded by the causal
density(seesectiord)

3.3. Density variations acrossspace scaleand ori-
entation

We now shov how the orientedmulti-scaleinformation
containedin our a-priori density pyramidscanbe usedto
analyzestructureand enablesimpli cation stratgiessuch
asindication. For this, we borrow inspirationfrom image
andpatternanalysis As seenin formulal, thea-prioriden-



Figure 3. A-priori density is used to drive line-
omission: the probability for each line to be dismissed
is inversely proportional to its density. This provides
coarse control over the mean nal density but no ne
control over the placement of the strokes, leading to
this \random" look. The causal density (section 4) is
dedicated to this objective, as demonstrated by Fig-
ure 8 for instance.

sity is a 3-parameterize€unction of space(x,y), scale(s)
and direction (4). Importantstructuralaspectsof drawing
compleity canberevealedby studyingthevariationof den-
sity alongeachparametedimensionTo gaininsight,we x
two parametersut of threeandstudythe densityresponse
whenthethird parametevaries.

Spatial boundaries In mary simpli cation schemesthe
boundarie®f denseareageceve speciaktreatmentsln par
ticular, indicationstendto be locatedin theseregions(see
sectiornb). Boundariecanbeidenti ed by studyingthespa-
tial derivative of densityds,.s,(P), ata givenscaleso and
for agivendirectionty. Similar to edgedetection this can
be doneby computingthe gradientimage of the map of
scalesg anddirectiontp. More advanceddetectiorschemes
inspiredfrom imageprocessingouldalsobe used.

Directional distribution As mentionedabove, different
pictorial stratgiesmight beuseddependingon whetherthe

compl«ity of adensaegionis dueto linesdirectedalonga

few preferreddirectionsor whetherno principal direction
standsout. We say that densityis anisotiopic, when one
or few directionsdominatejsotropic otherwise The degree
of isotropy canbe characterizedby studyingds;p, (), ata
givenscalesg andfor a given point P. In Fig. 4 we shav

how the pro le of the function ds,;p,(t) variesdepending
on the arrangementf the surroundinglines, which per

mits the determinatiorof the isotropy or anisotroy of the

density In particularwe emphasiz¢hedifferencedetween
two anisotropicpro les measuredor pixels of the house
modelsroof, andputthemin contrastwith anisotropicpro-

le obseredon apixel of thetreemodel.

Scale Whendealingwith repetitive structurejt is oftenim-
portantto characterizehe scaleof a pattern.This is also
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Figure 4. Scale and directional pro les of the a-priori
density. Top: four pixels chosenat particular positions
on the roof and tree images. Middle: The scalepro le
of the a-priori density for pixels 1,2,3. Although having
very di erent densities at low scales,the three curves
converge toward a plateau at s = 4. Bottom: Direc-
tional proles for pixels 1,3,4. The two rst proles
(from the roof image) characterize a high anisotropic
density respectively along the horizontal and % direc-
tions. The last prole (from the tree image) corre-
spondsto a high isotropic density.

crucialin our casebecausdinesareessentiallyDirac distri-
butions,andthe scaleatwhich densityis queriedcanhave a
strongin uence on theresult:atthe smallestscale theim-
ageis essentiallya binary functionthat correspondso the
presencef lines.We shawv thata ne scaleanalysiscanbe
carriedout, which permitspreciseselectionof the linesto
omit. For example,we candraw aroof with onetile out of
two, or with a few groupsof n tiles. For this, it is essen-
tial to have a systematicway to extract the characteristic
scalein orderto make the simpli cation criteria indepen-
dentof thescene.

The scaleof denserepetitve areascanbe characterized
by studyingdp., (S ) atagivenpointP, andfor agivendi-
rectionty. In the caseof a complex region madeof small
repetitve patterns,this function containsa plateau:since



our densityestimatoris normalizedby the areaof its sup-
port region (section3.1), it givesthe sameresult at mul-

tiple scalesfor periodic structures,as soon as the scale
is higher than the patternsize and smaller than the dis-
tanceto the region boundary Thus, the patternsize can
be inferred from the s value at which this plateaube-
gins (just as the frequeng of the line distribution in the
area). Likewise, the distanceto the structures bound-
ary canbe obtainedfrom the s valueat which the plateau
ends.Figure4 shavs how thescalepro les for threediffer-

entpointsof the housemodels roof, cornverge toward such
aplateauthoughbeingvery distinctat smallscalesin Fig-

ure 8, we usethis propertyto retrieve the size of a tile,

in order to drive line omission at two different lev-

els. More details aboutthis illustration are given in sec-
tion 5.

Sofar, we have discussediensityandvariationsata sin-
gle spatial point. For 1D primitives, this information can
be aggreatedover a line using a variety of simple statis-
tical tools suchasmean,min, max, or variance depending
on the application.It is then possibleto extract the same
spatial,directional,and scalecharacteristicdor aline, i.e.
to tell for eachline in the draving whetherit belongsto a
denseregion, whetherthis region is denseisotropically or
anisotropicallyetc.In thisway, linescanbe preciselychar
acterizedallowing for advancedomissionandstylization.

4. CausalDensity

The a-priori densitydiscussedhusfar permitsthe anal-
ysis of the potentialdrawing if all the linesweredrawn. It
providespowerful analysigools,but unfortunatelydoesnot
allow for ne controlof the nal drawing's appearancegs
illustratedin Figure3. In particular it cannotguarante¢hat
the densityof the actualdraving doesnot exceeda given
thresholdnor thatno pair of strokesis too closein theim-
age.Thisis why we alsousea causaldensitythatcomple-
mentsthe a-priori densityandre ects the currentstateof
thedrawing. It is updatedaftereachstrokeis dravn andcan
be usedto stylize or decideto omit subsequenrdtrokes.

4.1. A Stroke density estimator

The causaldensityestimatorworks on the arrangement
of strokesrenderedn the currentdraving. We choseto use
thestandardhormalizedGaussiariunctionof standaralevi-
ations, corvolvedwith theluminancemagel of thedraw-
ing asour estimator Similar to thede nition of the a-priori
densityin eq. 1, the estimationof the stroke densityin im-
agel atapointQ canthenbewritten as:

4

d(Q;s) = o) wa(P,Q;s)I(P) dP (4)

wherewy is theGaussiariunction,de ned by formula2.
It indicateshow “dark” thedrawing locally is with respecto
thegivenscalede ned by s. Eachaddedstroke contrikutes
to “darken” theimagean amountthatdepend®niits color,
size,thicknessaandonthescales.

As for the line densityestimator we usea normalized
versionof the Gaussiarfunction so that the meanstroke
densityof thedrawing doesnotdependnthescaleatwhich
thequeriesaremade.

In our approachthe causaldensity can be queriedat
multiple scales.However, becausecausaldensity is re-
freshedafter every stroke, we have not found it bene cial
to storeit in a pyramid. Queriesareimplementedoy actu-
ally integratingtheinformationaroundanareaandqueries
atalarge scalearemorecostly.

For performanceeasonsye have chosemotto encode
causaldensity at multiple orientations.In contrastto the
line density estimator it doesnot take directionality into
account.Nonethelessa directionality dependengc might
be takeninto accountusingthe directionalinformation af-
fordedby the a-priori densityinformation.

4.2. Causality and Stroke Ordering

As pointedout by Winkenbachetal. [16] and Salistury
etal. [10], stroke prioritizationis crucialwhenstroke omis-
sion is usedto control tone or densityin the nal image.
Becauseour secondmeasureof densityis causalthe rst
strokeshave morein uence on therestof thedraving and
it canbe importantto make surethat the importantones
aredravn rst. For example,whenusingline omissionthe
mostimportantineshaveto bedravn rst to minimizetheir
chanceof beingdismissed.

This ordering dependson stylistic choices.In our ap-
proach,it canbe de ned usingary type of informationon
the line, 3D or 2D, including the a-priori density estima-
tion. Figure5 shavs two simpli ed versionsof a sun ower
obtainedusing causaldensity In the rst one,the order
ing gives the highestpriority to strokes with high depth
discontinuities.In contrast,in the secondpicture, strokes
aredrawn in anarbitraryorder Noticein particularthat,in
the orderedversion,thelimit of the o wer's centerappears
more pronouncedandthe shapeof the seedds bettersug-
gested.

De ning pertinentcriteriafor feature-lineorderingis an
exciting avenueof futurework.

4.3. Stroke Omission,Density and Regularity

A largeclassof simpli cation stratgiesarebasednline
omission.Thiscanbeachieredusingcausatensity by test-
ing, for eachstroke, the measurediensityagainsta thresh-
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Figure 5. It isessentialto order the lines prior to using
causaldensity.(a) all the visible lines. (b) use of causal
density for line omission when lines are ordered using
depth discontinuity, and (c), without line ordering.

old t to decideto draw it or not. The correspondingnave
algorithmis:

for eath stroke s

d = densityof thedrawingunders at scales
ifd<t
draw(s)

Two parametergontrol this algorithm:the scales and
thethresholdt .

Theresultingdrawing canbe quali ed in two terms,the
average nal density(intuitively the total numberof lines
dravn) andtheregularity of thedistribution of lines.

The objective of simpli cation is to get a smallerden-
sity thaninitially. The nal setof strokes canbe seenas
a subsampleof the input lines. As with ary samplingap-
proach,the notion of regularity is importantto character
ize how spatially-uniformthe nal distributionis. For atar
getdensitythresholdt testedat a given scales, different
drawings can be obtainedfrom the samearrangemenbf

lines,dependingon the orderin which linesareprocessed.

A drawing wherelinesappeamoreevenly-spaceds saidto
be moreregularthanonedisplayingclustersof tight lines.
Figure 6 illustratesthis property This notion of regularity
is relatedto the Fourier spectrumof non-uniformsampling
patternsusedin antialiasing8] andto thediscrepang used
to studyMonte-Carlointegration[11], but we will leave the
discussiorataninformal level.

The effectsof the two parameters andt ontheresult,
i.e.the nal averagedensityandtheregularity of thedraw-
ing areimportantanddesere adiscussionConsidera situ-
ationwherea simplethresholdt is usedon the causalden-
sity queriedat a givenscales . Table1l summarizeshe de-
pendenciebetweerthesedifferentvaluesby shaving how
regularity andthe nal averagedensityvarywheneitherthe
thresholdt orthescales areincreased.

We informally discussthe resultsof the last row of ta-
ble 1, which are obtainedwhen s increasesvhile t stays

Figure 6. Despite the dierence in the distribution
of the lines observedin these two images, the density
(computed at the scaleof the gray circle at its center)
isthe same.The linesdistribution onthe right issaidto
be more regular than the oneonthe left.

test:d < t test:d < é
parameter | regularity | density | regularity | density
t % & % & %
s % & &

Table 1. E ects of parameters scales andthreshold t,
onregularity and nal averagedensity.

constantlt is rst importantto noticethat, sincewe usea

normalizedde nition of densitythedensityestimatiordoes
not changewith s whenthe scaleis above the characteris-
tic scaleof a repetitive pattern,(seesection3.3). Then,we

obsenre thatwhenthe scaleis increasedthe preciseloca-

tion of linesis lessconstrained|eadingto moreirregular

setsof lines. Indeed, The thresholdt is now enforcedon

larger neighborhoodsisde ned by s. This effect is illus-

tratedin Figure?.

Figure 7. E ect of increasingthe scales on the regu-
larity of the linesdistribution. Right: s = 2,t = 0:2. Left:
s = 7,t = 0:2.The nal densityisthe samein both illus-
trations, but only the image on the right contains pairs
of closelines.

On the otherhand,if the thresholdis inverselypropor
tional to s2, which is equivalentto working with a non-
normalizedversionof the Gaussiarfunction,thenincreas-
ing s decreasethe nal drawing density asthe numberof
strokes allowed on a given areais the samewhatever the
size of this area.In this case the regularity remainsglob-



ally unchangedslowering the numberof strolesallowed
onagivenareadecreasethechance®f clutterfor thisarea.

Thedesiredresultof asimpli cation basednline omis-
sion, often consistsin having at leasta certainamountof
free areasurroundingeachline, which is obtainedby set-
ting ascalecorrespondingo the minimumspacingetween
two strokesanda low threshold.

5. Applications and Results

We now presentresultsdemonstratinghow thesetwo
densityde nitions complementachother and permit the
implementatiorof simpli cation stratejies.

The computatiortimesrequiredto generataheillustra-
tions of this papervary betweena few secondsanda few
minutes:Usinga-prioridensityis fastthanksto theprecom-
putationof the densitymaps,on the otherhand,the causal
densityis evaluateduponrequesteachtime a stroke is to
be dravn andis thereforethe mosttime-consumingpera-
tion (in particularatlarge scales).

Uniform pruning We describerst a simpli cation strat-
egy where we emphasizeregularity and omit lines uni-
formly. We decideto consideruniformity in objectspace
in orderto presere thegeometriaegularity of thescene.

Figure8 demonstrateswvo levels of uniform pruningon
the tiled roof of a house.In both casesthe lines belong-
ing to largeregionsof high visualcompleity are rst iden-
ti ed usingthe omni-directionalmap of the a-priori den-
sity, for scales = 4. Next, from the scalepro le (section
3.3) of the a-priori densitywe setthe kernel's size of the
causaldensityestimatorto nearly matchtwice the size of
a tile, for the left image,andtwice as muchfor the mid-
dleone.Thus,theimagesaresimpli ed uniformly, keeping
respectiely all or half of thetiles.

Figure 9 demonstratethe high control over line omis-
sionby simulatingthe 3D perspectie effect throughmulti-
scalequeriesof the causaldensity; Our goal is to draw a
simpli ed version(top) of agrid (bottom)in the mostnatu-
ral way: eachbaris representewith asingleline insteadof
two, andonly half of the vertical barsaredravn. The bars
areuniformly distributedalongthe grid, with a decreasing
spacingaswe aremaving away from theviewpoint,soasto
respecthe perspectie impression.This wasdoneby sub-
jectingthelinesto the causaldensity the sizeof the Gaus-
siankerneldependingnthedepthof theprocessedine (the
kernel’s size is approximatelytwice the spacingbetween
two linesin the simpli ed image).Furthermorewe relied
onthedirectionalinformationprovidedby the a-prioriden-
sity to sethigherthresholdsvhenthea-prioridensityis low
in the direction of the currentstroke. This is requiredto
avoid systematiomissionof horizontallines,whosecausal
densityis obviously higher dueto the potentiallyhighnum-
berof verticalcrossingines.

Figure 9. A uniformly simpli ed illustration (top) of a
grid (bottom) obtained using causaldensity. Each bar
is drawn using a single line and exactly half of the bars
were homogeneously dismissed. The dismissalthresh-
oldsare furthermo redirection-dep endent soasto avoid
the systematic omission of horizontal lines of higher
causaldensity.

Fig. 10 illustratesthe use of the various density mea-
suresto control clutter but presere the impressionof vi-
sualmass.The comple objectincludesmary nearparallel
lines (not necessarilystraight)andwe make a heary useof
directionala-prioridensityinformationto treatlinesaccord-
ing to the presencef nearparallelneighborsWe rst se-
lectthelinesthataresurroundedby nearly-parallelines,i.e.
having a highly anisotropicdensity usingthe a-priori den-
sity directionalpro le (section3.3). Thesdinesarethenor-
deredby decreasindength,anddravn usingcausaldensity
for line omission(bottomleft). In a secondpass,we take
careof linessurroundedby a moreisotropicdensity(nopre-
ferreddirectionin the setof neighboringines)andremove
theonesthatarein aregion of high overall a-priori density
at a fairly large scale.Notice how the drawing is success-
fully simpli ed (theimageonthebottomright shovsall the
linesthataretotally omitted)while retainingapropemean-
ing. We furthermoreusea programmabldine shadef6] to
thickentheresultingorphanlines.

Indication This simpli cation strategyy exploits repetition
by suggestingthe overall compleity through few well-
positioneddetailedparts.

We notice that theseindicationsare most useful at the
boundarief denseregions and usethis propertyto pro-
ducethesimpli ed imagesof thehouseandtree, gure 1 at
thebeginning of the paper

In the house illustration, we rst select all lines
from large regions of high density by querying the
omni-directional map of the a-priori density The re-



Figure 8. Uniform pruning of the tiled roof. From the scalepro le (section 3.3) of the a-priori density, the proper kernel
sizeisinferred for the causaldensity, soasto draw asimpli ed roof with all the tiles (left) or half of them (middle). The right
column shows close-upson (top) the initial set of lines (middle) the left image, (bottom) the middle image. Notice how,
although drawing all tiles, the middle image yet showslesscomplexity than the initial one.

Figure 11. Intermediate maps used for the houseil-
lustration of Figure 1. Left: The omni-directional den-
sity map. Right: The gradient image computed on this
map. This image isnot actually stored asgradient com-
putations aremadeonthe y .

maining is similar for both the houseand tree illustra-
tions. Thelines aresubjectedo the causaldensitywith an
omissionthresholdproportionalto the value of the gra-
dient computedon the omni-directionala-priori density
map at a fairly low scale. This way, lines are prefer
ably keptin areasof high gradient,i.e. next to the bound-
ariesof high-densityregions. Figure 11 shows the a-priori
density map that was usedto producethe houseillustra-
tion andthe correspondingradientimage.

6. Conclusionsand Future Work

We have introducedtwo measureof draving density
to controland prevent clutter. The a-priori densityis com-
putedoncefor all, beforerendering,on the full setof lines
composingheview. It canbequeriedat differentlocations,
scalesandorientationand permitspowerful analysisof lo-
cal structure.In contrast,our causaldensityis updatedas

thedrawing is createdtherebyproviding informationabout
the currentstateof the drawing in orderto offer ner con-
trol on the nal result. Takenin isolation,thesetwo mea-
suresprovide usefulinformationto drive simpli cation and
omissionstrategies.But it is really whenthey areexploited
togethetthatthey offer apowerfuland ne controlonthe -
nal complexity, regularity, andstyle of thedrawing. In par
ticular, we have shawvn that they facilitate the exploitation
or emphasi®of regularity in the view usingpictorial strate-
giessuchasuniform pruningor indication.

Our work opensseveral avenuesof future researchThe
stratgies that we have proposedare only illustrations of
the power of appropriatedensityinformation.We hopethat
subsequentvork will proposenew stylesand approaches
to clutter analysisand control. In addition, causaldensity
profoundlyraisesthe issueof stroke ordering: Which fea-
ture lines are more crucial for the faithful depictionof an
object?We believe that geometry perceptionand pattern
analysismustbeleveragedo yield pertinentestimate®f a
stroke'simportanceThis alsosuggestshatmoreadwanced
imageprocessingperationsn densityandotherinforma-
tion aboutthe view shouldbe explored. Density informa-
tion should nally becombinedwith semanticor cognitive
informationsuchaseye-trackingpatterng2].
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Figure 10. The visualclutter dueto near-parallel linesislimited usingthe directional pro le of the a-priori density (section
3.3). Top left: all visiblelines. Top right: Final rendering. Bottom left: long lineswith high anisotropic density. Bottom center:
short linesor lines of high isotropic density. Bottom right: linesthat are omitted inthe nal image.
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