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Figure1: Left: Specularre�ectionscomputedwith ouralgorithm.Middle: ray-tracedreference.Right:Environmentmapre�ection.

Abstract
Specularre�ectionsprovidemanyimportantvisualcuesin our daily environment.They inform usof theshapeof
objects,of thematerialthey aremadeof, of their relativepositions,etc.Specularre�ectionsoncurvedobjectsare
usuallyapproximatedusingenvironmentmaps.In thispaper, wepresentanewalgorithmfor real-timecomputation
of specularre�ectionson curvedobjects,basedon an exactcomputationfor the re�ection of each scenevertex.
Our methodexhibitsall therequiredparallax e� ectsandcanhandlearbitrary proximitybetweenthere�ector and
there�ectedobjects.

Categories and SubjectDescriptors(accordingto ACM CCS): I.3.7 [ComputerGraphics]:Three-Dimensional
GraphicsandRealism

1. Intr oduction

Re�ectionson specularobjectsareimportantin our percep-
tion of a synthetic3D scene.They convey importantinfor-
mationaboutthespecularre�ector itself,conveying its shape
andits fabric.They canalsogive informationabouttherel-
ative spatialpositionsof objectsor thedistancebetweenthe
re�ector andthere�ectedobject.Finally, they give informa-
tion aboutobjectsthatarenotdirectlyvisible (seeFigure1).

Real-timecomputationof specularre�ections is usually

y GRAVIR is UMR 5527GRAVIR, a joint researchlaboratoryof
CNRS,INRIA, INPGandUJF.

doneusing environmentmapping.While thesetechniques
performquitewell in awidevarietyof cases,they havetheir
shortcomings.They performbestif there�ectedobjectis at
a large distancefrom the re�ector, but as the re�ected ob-
ject movescloserto the specularre�ector, re�ection errors
becomemorevisible.Theworstcasefor environmentmap-
ping techniquesis whenthe re�ector is in contactwith the
objectbeingre�ected,asin Figure1. Environmentmapping
techniquealsosu� er from theparallaxproblem:from all the
pointson thespecularre�ector, we areseeingthesameside
of there�ectedobjects,evenif thespecularre�ector is large
enoughto seethedi� erentsidesof anobject.

In this paper, we presenta new methodfor computing
specularre�ections. Our methodis vertex based:we com-
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pute the accuratere�ected position of eachvertex in the
scene,theninterpolatebetweenthesepositions.Theadvan-
tageof our methodis that it is computingthe re�ection of
theobjectdependingon thepositionon there�ector. Weare
thereforeexhibiting all parallaxe� ects,andwe canhandle
proximity andevencontactbetweenthere�ector andthere-
�ected objects.

However, ourmethodalsohasobviouslimitations:asit is
vertex-basedandusesthegraphicshardwarefor linearinter-
polationbetweentheprojectionsof thevertices,artifactscan
appearif the model is not �nely tessellatedenough.These
artifactscanbe overcomeusingeitheradaptive tessellation
or curvilinearinterpolation.If themodelis �nely tesselated,
theseartifactsarenot visible. Our algorithmprovidessolu-
tions for situationswhereno convincing solutionsexisted
before.

Our paperis organizedasfollows: in thenext section,we
review previouswork on real-timecomputationof specular
re�ections.Then,in section3, we presentour algorithmfor
computingvertex-basedspecularre�ections on curved sur-
faces.In section4, wepresentexperimentsonvariousscenes
andcomparisonswith existingmethods.Finally, in section5,
weconcludeandpresentfuturedirectionsfor research.

2. PreviousWorks

Ray-tracinghas historically beenusedto computere�ec-
tionsonspecularobjects.Despiteseveraladvancesusingei-
therhighly parallelcomputers[WSB01,WBWS01,WSS05]
or GPUs[CHH02, PBMH02], ray-tracingis not, currently,
availablefor real-timecomputationson a standardworksta-
tion.

Planarspecularre�ectorsareeasyto model,at thecostof
a secondrenderingpass,with a cameraplacedin the mir-
ror positionof theviewpoint [McR96]. Curvedre�ectorsare
more complex; the easiestmethodusesenvironmentmap-
ping [BN76].

Environmentmappingcomputesan imageof the scene
andmapsit on the re�ector as if it was locatedat an in�-
nite distance.The re�ection only dependson the direction
of the incomingvectorfrom theviewpoint, andcanbeeas-
ily computedin real-timeon graphicshardware.Obviously,
environmentmappingsu� ersfrom parallaxissues,sincethe
re�ection dependson a singleimagecomputedfrom a sin-
gle point of view. There is also the questionof accuracy:
sinceall objectsare assumedto be at an in�nite distance,
their re�ection is notnecessarilyaccurate,andthedi� erence
becomeslargerastheobjectgetscloserto there�ector.

Therehasbeenmuchresearchto improve theoriginalen-
vironmentmappingalgorithm. To remove the parallax is-
sues,Martin andPopescu[MP04] interpolatebetweensev-
eral environmentmaps.Yu et al. [YYM05] usedan envi-
ronmentlight-�eld , containingall the informationof a light

�eld, but organizedlike anenvironmentmap.Both methods
remove parallaxissues,at thecostof a longerprecomputa-
tion time. The specularre�ector is alsorestricted,andcan
only be moved inside the areawherethe light �eld or the
environmentmapswerecomputed.If it is movedoutsideof
this area,theenvironmentlight �eld mustberecomputed,a
costlystep.

Otherresearchhave dealtwith distance-basedre�ection.
Thesimplestmethodis to replacethe in�nite-radius sphere
associatedwith the environment map by a �nite-radius
sphere[Bjo04]; the re�ection changeswith the positionof
there�ector in theenvironment,but parallaxe� ectscannot
bemodeled.

MoreaccuratemethodsusetheZ-bu� er to computeadis-
tancemapalongwith theenvironmentmap.Foreachpixelof
theenvironmentmap,they know both its color andthedis-
tanceto thecenterof there�ectedobject.Patow [Pat95] and
Kalos et al. [SKALP05] usedthis informationto selectthe
properpixel inside the environmentmap.Their re�ections
changedependingon thedistancebetweenthere�ector and
there�ectedobject.Kalosetal. [SKALP05] usetheGPUfor
a fastcomputationof the re�ected pixel, andachieve real-
time renderingfor moderatelycomplex scenes.Still, image
basedmethodsareinherentlylimited to the informationin-
cludedin theoriginal image.

For planarre�ectors, the easiestway to computethe re-
�ection is vertex-based,usinganalternativecamerato com-
putetheimageof thesceneasre�ectedby theplanarre�ec-
tor. For curved re�ectors, thereis no simplerule to tell the
position of the re�ection of the objects.Even for a �nite-
radiussphere,thesimplestspecularre�ector, thepositionof
there�ection dependsona4th-orderpolynomial.

Mitchell andHanrahan[MH92] usedtheequationof the
underlyingsurfaceto computethecharacteristicpointsin the
causticcreatedby acurvedre�ector. Ofek[Ofe98] andOfek
andRappoport[OR98] computedtheexplosionmapto �nd
intersectedtrianglesID basedon the re�ected vector. Chen
andArvo [CA00b,CA00a] usedray-tracingto computethe
re�ection of somevertices,thenappliedperturbationto these
re�ectionsto computethere�ection of neighboringvertices.

Estalellaetal. [EMD� 05] computedthere�ection of scene
verticeson curved specularobjectsby an iterative method.
At eachiteration, the position of the re�ection of the ver-
tex is modi�ed, using the anglesbetweenthe normal, the
vertex and the viewpoint, in the direction wherethesean-
gleswill follow Descartes'law. They did a �x ednumberof
iterations,and have implementedthe methodonly on the
CPU. In a subsequentwork, developedconcurrentlywith
ours,Estalellaet al. [EMDT06] extendedthis work to the
GPU,searchingthepositionof there�ection of thevertex in
imagespace.

Our method is comparable to that of Estalella et
al. [EMD� 05, EMDT06], but we usea di� erentre�nement
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Figure2: Finding there�ection of a givenvertex

criterion,keepinggeometricboundsonthere�ectedposition
for robustness.We usethesegeometricboundsfor adaptive
re�nement,stoppingthe iterationassoonaswe reachsub-
pixel accuracy. In our experience,thesetwo elementsareof
greatimportance:in all thesceneswe used,we encountered
robustness-relatedissues,especiallyfor re�ections at graz-
ing angle.We alsonoticedthat thenumberof iterationsre-
quiredto reachconvergencevariesgreatlywith theposition
of there�ection.

3. Algorithm

3.1. Principles

Ouralgorithmis vertex-based:wecomputethere�ectedpo-
sitionof all thescenevertices,thenlet thegraphicshardware
interpolatebetweentheseverticesandsolvevisibility issues
with aZ-bu� er. Ouralgorithmthereforeinsertsitself asare-
placementfor theusualprojectionof thevertices.Knowing
thepositionof theviewpoint, E, for eachvertex V, we �nd
thepoint P on thespecularre�ector thatcorrespondsto the
positionof V (seeFigure2).

The di� cult part in this algorithm is computingP as a
functionof V andE. Exceptin themostbasiccaseof planar
specularre�ectors, thereis no simplerelationshipbetween
P, V andE. Evenfor a sphere,theexplicit positionof P de-
pendson a polynomialof thefourth order;�nding theroots
of this polynomialis feasible,but takesactuallylongerthan
theiterativemethodweuse.

Accordingto Fermat's principle,light travelsalongpaths
of extremal length,so P must correspondto an extremum
of the optical pathlength` = EP + PV. We aresearching
for extremaof `, or equivalently, for zerosof its �rst order
derivative, thegradientr ` .

This is an optimizationproblem,with a function of two
parameters(thesurfaceof thespecularre�ector is a2D man-
ifold). Usually, optimizationproblemsaresolved with line
search methods,suchas the gradientdescentor the con-
jugategradientmethods.Thesemethodprogressiteratively
from an initial guess.At eachstep,they know thedirection
in which they shouldprogress,but not necessarilythe dis-
tancealongthis direction.Knowing this distanceaccurately

requiresknowledgeaboutthesecondderivativesof thefunc-
tion.

Our applicationis inherentlygraphical:we are display-
ing theresultof our computationson thescreen,andchang-
ing parameters— theviewpoint, there�ectedscene,there-
�ector — dynamically. One of the most importantpoints
for suchgraphicalapplicationsis temporalcoherency: the
re�ection of onepoint mustnot changesuddenlybetween
frames.We thereforeneedspatial informationabouttheac-
curacy of thecomputations:if wehavenotyetcomputedthe
positionof onepointwith sub-pixel accuracy, weruntherisk
of seeingtemporaldiscontinuitiesat thenext frame.Wealso
observedin ourexperiencesthatthenumberof iterationsre-
quiredfor convergencevariesgreatlywith thecon�guration
of thevertex. Spatialinformationaboutconvergencehelpin
adaptingthenumberof iterationsto thecurrentcase.

Line searchmethodstypically useresidualsto checkthe
numericalaccuracy of thecomputations,but they donotpro-
vide information aboutthe spatialaccuracy. At eachstep,
we know the distancetraveled from the previous step,but
this information is only linear. Since the re�ector is a 2-
dimensionsurface, it can happenthat the algorithm has
closedin on the resultalongonedimension,but is still far
from it on theotherdimension.

The secantmethodsearchesfor rootsof one function f
by replacingit with a linear interpolationbetweensamples,
picking the root of the linear interpolationand iterating.
While the secantmethoddoesnot guaranteethat the root
remainsbracketed,it providesa goodinformationaboutthe
accuracy achievedsofar, andconvergesfasterthanthesim-
pler bisectionmethod.Newton's methodconverges faster
thanthe secantmethod,but requirescomputingthe deriva-
tiveof f .

Sincewe are looking for zerosof r ` , we apply to it a
variantof the secantmethod.At eachstep,we maintaina
triangleof samplepointswherewecomputer ` andlinearly
interpolatebetweenthesegradients.At eachstep,the trian-
gleof samplepointsgivesusapproximategeometricbounds
on theprojectionof thevertex.

3.2. Algorithm for specularvertex re�ection

Our algorithmfor computingthere�ection of a 3D scenein
aspecularre�ector usesthefollowing steps:

1. renderthesceneinto theframebu� er, with directlighting
andshadowing;

2. for all verticesof the scene,�nd their re�ection on the
specularre�ector;

3. interpolatebetweenthesevertices,computing lighting
anddoinghiddensurfaceremoval.

For eachvertex, �nding the position of its re�ection is
doneiteratively, usinga variantof thesecantmethodon the
gradientof theopticalpathlength:ateachstep,wemaintain
a triangleof samplepoints,andwe:
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(a) Example of successive trian-
glesgeneratedby ouralgorithm

(b) Exampleimagerenderedwith our
algorithm
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(c) Numberof iterationsrequiredfor conver-
gence

Figure3: Convergenceof our iterativesystem.

� computethe gradientof the optical path lengthfor each
samplepoint (seesection3.3.2),

� linearly interpolatebetweenthesegradients,
� �nd theresultinggradientwith thesmallestnorm(seesec-

tion 3.3.3).
� discardthe original samplepoint with the largestgradi-

ent, replaceit by the new samplepoint and iterate(see
Figure3(a)).

At eachstep,theprojectedareaof thetrianglegivesusan
indicationof theaccuracy of our computations.We stopthe
computationif thisareafallsbelow acertainthreshold.

Our methodconvergesquickly in mostcases,in 5 to 10
iterationsin moderatelycomplex casesbut can requireup
to 20 iterationsfor certaindi� cult points,suchasvertices
whosere�ection is closeto theboundaryof there�ector (see
Figure3(c)).

Themethodis robustenoughtoconvergeevenif theinitial
setof samplepointsis poorlychosen.However, it converges
fasterif the samplepointsarecloseto the actualsolution.
Section3.3.4 describesour strategy for picking the initial
samplepoints.

Oncewe have computedthere�ection of eachvertex, we
project it on the screenandlet the graphicshardwaredoes
linearinterpolationbetweenthevertices.Weexploit thefact
thatweknow thespatialpositionof thepointbeingre�ected
to computedirection-dependentlighting (seeSection3.3.5).

Hiddensurfaceremoval requiresspecialhandling,aswe
haveseveralpossiblesourcesof occlusion:thesceneandthe
re�ector maybehidingeachother, partsof there�ector may
be hiding themselves,and partsof the re�ected sceneare
hiding otherpartsof the re�ected scene.Section3.3.6de-
scribesoursolutionto thesecombinedocclusionissues.

TheentirealgorithmwasimplementedontheGPU,using
programmablecapabilitiesfor vertex andfragmentprocess-
ing. Hardware implementationissuesaredescribedin sec-
tion 3.3.7.

O ur
r(q,f )

Figure 4: To reducedimensionality, weassumethat the re-
�ector is star-shaped.

3.3. Detailsof the algorithm

3.3.1. Specularre�ector parameterization

In orderto provide interestingre�ections, it is betterif our
re�ector is actually smooth.We also assumethat it is pa-
rameterizable.Finally, to reducethe dimensionalityof the
problem,weassumethatthere�ector is star-shaped:thereis
a point O that is directly connectedto all the pointson the
surfaceof there�ector (seeFigure4).

This reducesthe equationof the specularre�ector to a
scalarfunction,r. Usingsphericalcoordinates,for example,
all point P(� ; � ) on thereceiver canbeexpressedas:

P(� ; � ) = O + r(� ; � )ur with ur =

0
BBBBBBBB@

sin� cos�
sin� sin�
cos�

1
CCCCCCCCA

For our algorithm,we will alsoneedthevariationsof the
surfaceof the re�ector: we alsocomputethe derivativesof
thefunctionr.

In apreliminarystep,r andits partialderivativesarecom-
putedandstoredin a texture.Althoughouralgorithmworks
with any kind of re�ector, thestar-shapedhypothesisallows
usto retrieveall therequiredinformationaboutthespecular
re�ector at any given point with a singletexture read.This
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will beusefulfor implementingour algorithme� ciently on
theGPU.

Usingsphericalcoordinatesintroducessingularitiesin the
parameterization,at thepoles.To avoid numericalissuesin
our computations,we do not user or its partial derivatives
directly, but we only use3-dimensionalvectorssuchas P
or r r. All computationsandinterpolationsaredonein 3D
space,never in parameterspace.

3.3.2. Optical path derivatives

Assumingwe have a samplepoint on the surface of the
re�ector, we can computethe length ` of the optical path
lengthfrom theviewpoint E to thevertex V throughP (see
Figure2):

` = EP + PV

The gradientof the optical path length dependson the
derivativeof point P on there�ector surface:

r ` = r (EP) + r (PV)

r ` = d(P)

0
BBBBB@

��!EP
EP

+
��!PV
PV

1
CCCCCA

Hered(P) is thederivative of point P, a linearform oper-
atingon a vector. With our parameterizationof P on a star-
shapedre�ector, d(P) is alsoreducedin dimension,andwe
canexpressr ` asa functionof r r:

r ` = (r r � e)ur + (u� � e)u� + (u� � e)u� (1)

with:

e =
��!EP
EP

+
��!PV
PV

u� =

0
BBBBBBBB@

cos� cos�
cos� sin�
� sin�

1
CCCCCCCCA

u� =

0
BBBBBBBB@

� sin�
cos�
0

1
CCCCCCCCA

r r canbe expressedas a function of the partial deriva-
tivesof r, but it is notactuallynecessaryin ourcase.Weare
storinginformationaboutr andits derivativesin a texture,
whichwill beaccessedby theGPU.As asingletextureread
givesaccessto 4 channels,we storer and its gradientr r,
saving computations.

3.3.3. Finding a better estimatefor vertex re�ection

At eachstep,we have a triangleof samplepoints(A; B;C).
For all pointsD, expressedin barycentriccoordinateswith
respectto (A; B;C):

D = � A + � B + (1 � � � � )C

we computean approximationr̃ dD the gradientof ` using
linearapproximation:

r̃ dD = � r dA + � r dB + (1 � � � � )r dC

= � a + � b + c

V

E

O

A B

Figure5: Ona sphere, there�ection lieson thearc (A; B)

Ideally, we would like to select(�; � ) suchthat r̃ dD = 0.
However, this is not alwayspossible,unlessthevectorsa, b
andc arelinearlydependent.Sowepick (�; � ) sothatkr̃ dDk
is minimum: we derivate kr̃ dDk2 with respectto � and � ,
and �nd (�; � ) suchthat both derivatives are null. This is
equivalentto solvingthelinearsystem:

(
� a2 + � (a � b) + (a � c) = 0
� (a � b) + � b2 + (b � c) = 0

whosedeterminantis:

� = a2b2 � (a � b)2

The(�; � ) parametersgiveusanew point D. Wediscardthe
point in (A; B;C) with thelargestgradientandreplaceit with
point D, theniterate.

In somecircumstances,the determinant� of the system
canbenull or verysmall,makingthesystemill-conditioned.
When it happens,we backtrackin time, replacingone of
thepointsfA; B;Cgby themostrecentlydiscardedpoint.Of
course,we cannotreplacethemostrecentlyaddedpoint, or
thesystemwouldenteranin�nite loop.

3.3.4. Initialization

Our methodis e� cientandconvergesevenif arbitrarysam-
ple pointsareusedasa startingtriangle.However, thecon-
vergenceis fasterif thestartingtriangleis smallandcloseto
theresult.It is not necessaryfor our initial guessto actually
enclosetheresult,sinceour algorithmis ableto extrapolate
outsidethetriangleif necessary.

For a sphericalre�ector, there�ection of a vertex V is in
theplanede�nedby V, theeyeE andthecenterof thesphere
O. Ofek [Ofe98] shows thatthere�ectedvertex is boundon
thearcof circle [AB] whereA (resp.B) is theprojectionof
V (resp.E) on there�ector (seeFigure5).

For non-sphericalre�ectors, this propertydoesnot hold.
We neverthelessuseA andB asastwo of our initial points.
The third point C is chosenso that ABC is an equilateral
triangle.
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Figure6: Computingtheilluminationof there�ectedscene:
illumination at the re�ected point is computedusing its
BRDF, with ��!VL and ��!VP as incomingand outgoingdirec-
tions; it is thenmultipliedby theBRDFonthere�ector, with
��!PV and��!PE asincomingandoutgoingdirections.

E
P PÕ

VÕ

V

Figure 7: For a ray originating fromtheeye, wehaveto re-
solvevisibility issuesbothbetweenP andP0, onthere�ector,
andbetweenV andV0, on there�ectedray.

3.3.5. Dir ection-dependentlighting on the re�ected
scene

When we display a fragment of the re�ected scene,we
know its spatialpositionV andtheapproximatespatialposi-
tion of its re�ection P. We usethis informationto compute
directionally-dependentlighting:

� computeilluminationatpointV, usingits BRDF, with the
light sourceL astheincomingdirectionandthere�ected
point P astheoutgoingdirection(seeFigure6).

� multiply this by the BRDF of the specularre�ector at
point P, using the re�ected point V as the incomingdi-
rection,andtheviewpoint E astheoutgoingdirection.

This simplerule allows usto have directionallighting on
there�ectedscene.Thelightingonthere�ectedsceneis thus
notnecessarilythesameasthelighting ontheoriginalscene.

3.3.6. Multiple Hidden-SurfaceRemoval

Hidden surface removal requiresspecialhandling, as we
have several possiblesourcesof occlusion(seeFigure 7):

the sceneand the re�ector may be occluding eachother,
andwe alsohave to conducthidden-surfaceremoval on the
re�ected scene.The ideal solutionwould be to useseveral
depthbu� ers,or a multi-channeldepth-bu� er. As theseare
notavailable,wehavedesignedaworkaround.

For eachvertex V, when we computeits projection P,
we storein the depthbu� er the distancebetweenP andV.
Thisway, theZ-bu� erof thegraphicscardnaturallyremoves
fragmentsof there�ectedscenethatarehiddenby otherob-
jects.

To solve theotherocclusionissues,we usethefollowing
strategy:

� pre-renderthe frontmostback-facingpolygonsof the re-
�ector into a depthtexture;cleartheZ-bu� er andframe-
bu� er.

� renderthe scene,with lighting andshadowing; clearthe
stencil-bu� er.

� renderthere�ector, with hiddensurfaceremoval. For pix-
els thataretouchedby there�ector, setthestencilbu� er
to 1.

� clear the depthbu� er andrenderthe re�ected sceneus-
ing ouralgorithm.Thefragmentsgeneratedarediscarded
if the stencilbu� er is not equalto 1 (usingthe classical
stencil test) and if they are further away than the back-
facesof there�ector (usingthedepthtexturecomputedat
the�rst step).

� (optional)enableblendingandrenderthe re�ector, com-
putingits illumination.

Ourstrategy correctlyhandlesocclusionsbetweenthere-
�ector andthe scene(usingthe stenciltest),aswell asself
occlusionof there�ector, usingthedepthtexture.Notethat
we have to usefrontmostback-facing polygons:using the
frontmostfront-facingpolygonswouldfalselyremoveall the
re�ectedscenefor locally convex re�ectors,sincewearelin-
early interpolatingbetweenre�ected points that areon the
surfaceof there�ector.

3.3.7. GPU implementation

We have implementedour algorithmon theGPUfor better
e� ciency. To computethe re�ected positionof onevertex,
we needaccessto theequationandderivativesof thespec-
ular re�ector. Sincewe storedthesein a texture to handle
arbitrary specularre�ectors, this limits us to two possible
implementationstrategies:

� placeouralgorithmin vertex shader, usinggraphicshard-
ware with vertex texture fetch (NVidia GeForce 6 and
above).

� placeour algorithmin a fragmentshaderandrenderthe
re�ected positionsof the verticesin a Vertex Bu� er Ob-
ject. In asubsequentpass,renderthisVBO. This requires
hardware with render-to-vertex-bu� er capability, which
wasnotavailableto usat thetimeof writing.
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We have usedthe �rst strategy, but found that it su� ers
from several limitations: there are less vertex processing
unitsthanfragmentprocessingunitsonGPUs,sowearenot
takingfull advantageof its parallelengine;a texturefetchin
avertex processorhasa largelatency; vertex processorscan
not currently readfrom cubemapsor rectangulartextures,
forcingusto usesquaretextures.

As pointedoutby [EMD� 05], it makessenseto useacube
map to store the information about the specularre�ector,
sincere�ector information is queriedbasedon a direction
vector d, ascubemapsare.In the currentimplementation,
we have to convert the vector d into sphericalcoordinates
(� ; � ), acostlystep.

An implementationof our algorithm using the second
strategy is likely to havemuchbetterrenderingtimes,aswell
asasimplercode.

4. Experimentsand Comparisons

4.1. Comparisonwith other re�ection methods

Thestrongestpoint of our algorithmis its ability to produce
re�ectionswith greataccuracy. Figure1 andFigure8 show,
for comparison,picturesgeneratedwith our algorithm,ray-
tracedpicturesfor reference,andpicturesgeneratedwith en-
vironmentmapping.Our methodhandlesall the re�ection
issues,including contactsbetweenthe re�ector andthe re-
�ected object.Di� erencesbetweenourmethodandtheenvi-
ronmentmappingmethodespeciallyappearfor objectsthat
arecloseto there�ector, suchasthehandin Figure1 andthe
handleof thekettlein Figure8. Noticehow there�ection of
thehandleof thekettleappearsto be�ying in there�ection
of theroomin Figure8(c).

For objectsthat arecloseto the re�ector, our algorithm
exhibits all the requiredparallaxe� ects.One of the prob-
lemswith environmentmappingtechniquesis whenobjects
arevisible from somepartsof the re�ector but not from its
center. In �gure 9, our algorithmproperlyrendersthe back
of thechair.

Anotherstrongpointof ouralgorithmis its robustnessand
temporalstability. As shown in theaccompanying video,re-
�ections computedby our algorithmexhibit greattemporal
stability, without temporalaliasing.This propertyis essen-
tial for practicalapplications,suchasvideogames.

4.2. Renderingspeed

As we have seenin Figure3(c), thenumberof iterationsre-
quired for convergencedependsgreatly on the position of
there�ection. Re�ectionscloseto thecenterof there�ector
convergequickly, in lessthan5 iterations,while re�ections
of objectslocatedcloseto thesilhouetteof there�ector take
longerto reachconvergence.

As a consequence,therenderingtime dependson there-
spective positionof theobjectandthere�ector. We observe
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Figure 10: Observedrendering time (in ms) for render-
ing scenes,with no specularre�ections,with environment-
mappingspecularre�ectionsandwith our algorithm.

the worsetiming resultsif the scenebeing re�ected com-
pletelysurroundsthere�ector. In thatcase,many objectsare
re�ected on the silhouette,draggingthe renderingprocess.
Thesescenesarealsomore interestingto render, which is
why weusedthemneverthelessin all our timingsresults.

Figure10showstherenderingtimesfor scenesof various
sizes,surroundingthespecularre�ector. For comparison,we
plottedtherenderingtimefor thescene,withoutspecularre-
�ections,with specularre�ectionssimulatedbyenvironment
mappingandwith specularre�ections computedby our al-
gorithm. The extra cost introducedby our algorithm is al-
ways larger than that of environmentmaps,but it remains
within thesameorderof magnitude.We observe satisfying
performancesfor scenesupto 40,000polygons,andwealso
observe thatrenderingtimesdependlinearly on thenumber
of vertices(all timings in this sectionweremeasuredon a
2-processorPentiumIV, runningat 3 GHz, with a NVidia
GeForce7800graphicscard).We measurerenderingtimes
in ms by taking the reciprocalof the observed framerate,
multipliedby 1000.

4.3. Robustnessand early exit

As our methodis basedon a triangleof samplepointsand
usesthegradientof theopticalpathat eachsamplepoint, it
hasseveraladvantages:

� we make large stepsif we are far from the solution,
andsmallerstepsaswe approachthe solution (seeFig-
ure3(a)). Thisensuresfasterconvergence,evenwith poor
initial conditions.

� themethodis remarkablyrobust,andconvergeseven for
di� cult cases,suchasverticesre�ectedatgrazingangles;
in thatcase,it takeslongerto reacha convergedsolution,
but it reachesone,sometimesaftermorethan10iterations
(seeFigure3(c)).
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(a) Ourmethod (b) Raytracedreference (c) Environmentmapping

Figure8: Comparisonof our results(left) with ray-tracing(center, for reference)andenvironment-mapping(right). Thedi� er-
enceareespeciallyvisiblefor objectsthatarecloseto thekettle, such asits handleandtheright handof thecharacter.

(a) Ouralgorithm (b) Environmentmapping

Figure9: Our algorithmis ableto displayobjectsthatarenotvisiblefromthecenterof there�ector. Noticeherehowtheback
of thechair is properlyrendered.

We note that for simplecases,our methodreachescon-
vergencevery quickly (lessthan5 iterations),while for dif-
�cult casesit requiresmorecomputations.As we aredoing
ourcomputationsonthevertex processingunits,thefactthat
di� erentverticesrequiredi� erentcomputationtimesis not
a big issue.In our tests,we found that usingthe early exit
greatly improved the speedof the computationscompared
to usinga �x ednumberof iterations.

Spatial consistency could becomea larger issue if we
movedthecomputationsto thefragmentprocessingunit, but
we observe (seeFigure3(c)) that all the verticesfrom one
object have similar complexities; all theseverticesshould
take roughlythesamecomputationtime,ensuringthatearly
exit alsoworkswell in this situation.

4.4. Concave re�ectors

Concave re�ectors area specialcase.As notedby [Ofe98,
OR98], concavere�ectorsdividespaceinto threezones.Ob-
jects that are in the �rst zone, close to the re�ector, are
re�ected only onceand upside-up.Objectsthat are in the

Figure 11: Exampleof a re�ection with a concavere�ec-
tor. Asour algorithmonly capturesthe�r st re�ection of the
scenein thebowl, thetopof thebowl looksempty.
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Figure13: Exampleof Z-�ghting whena smallobjectis lay-
eredon topof a larger object.

third zone,far from the re�ector, are re�ected only once,
andupside-down (as in Figure 11). Objectsthat are in the
secondzone,betweentheothertwo, canhaveseveralre�ec-
tions, sometimesan in�nite number, andtheir re�ection is
numericallyunstable.

As with [Ofe98, OR98], our algorithmproperlyhandles
objectsthat are either completelyin the �rst or the third
zone,but notobjectsthatcrossor arein thesecondzone.

In our experiments,anotherproblemappeared:concave
objectsarehighly likely to causesecondaryre�ections (re-
�ections with severalbouncesinsidethespecularre�ector).
As our algorithm only capturesthe �rst re�ection of the
sceneby the specularre�ector, the placewherethesesec-
ondaryre�ectionsshouldbelooksempty.

4.5. Tesselationissues

Oneof thebiggestdrawbackof our algorithmis thatwe are
only computingtheexact re�ection positionat thevertices,
andwe let thegraphicshardwareinterpolatebetweenthere-
�ected positions.Currently, the graphicshardware is only
able to interpolatelinearly. This hasseveral consequences.
The �rst oneis that the interpolatedobjectsarelocatedbe-
hind the front faceof the re�ector if the re�ector is locally
convex. Thus,the front faceof the re�ector would hide the
re�ection. We hadto ensurethatthefront faceof there�ec-
tor was not presentin the Z-bu� er to avoid this problem.
The secondoneis that for objectsthat arenot �nely tesse-
lated,weseeinterpolationartifacts.Theseartifactscaneither
be discontinuitiesbetweenneighboringfaceswith di� erent
levels of tessellation,or a re�ection that looks straight,as
in Figure12(a). Thethird consequenceappearsfor thin ob-
jectslayeredontopof another, largerobject(seeFigure13).
Becausewearelinearly interpolatingZ-valuesaswell aspo-
sition, thebackobjectmaypop in front of theotherobject,
partiallyoccludingit.

The solution to theseissueswould be to use curvilin-
earinterpolation,or adaptive tessellation.In the meantime,
we apply our algorithmto well-tessellatedscenes(seeFig-
ure 12(b)). Note that curvilinearinterpolationof depthval-
ues would be easierwith current graphicshardware than
curvilinearinterpolationin pixel space.

5. Conclusionand Futur eWorks

Wehavepresentedanalgorithmfor computingre�ectionson
curved specularsurfaces,usingvertex-basedcomputations.
Ouralgorithmproducesrealisticspecularre�ectionsin real-
time,showingall therequiredparallaxe� ects.Ouralgorithm
is iterative,with anadaptive numberof iterations,andhasa
geometry-basedcriterionfor decidingconvergence.

In its currentform, ouralgorithmuseslinearinterpolation
betweentheprojectionsof thevertices,resultingin artifacts
for scenesthat are not �nely tessellated.Solutionsto this
problemareeitheradaptive tessellationor curvilinearinter-
polationtechniques.

Thestrongestpoint of our algorithmis that it canhandle
arbitrarygeometryon the re�ector andthe re�ected object,
includingcontactbetweenthetwo surfaces.It is for this sit-
uation— closeproximity betweenthe re�ected objectand
the re�ector — that currentenvironment-mapmethodsdo
not provide convincing results.We think thatour algorithm
would be bestusedas a complementto existing methods,
handlingthere�ection of closeobjects,while environment-
mapbasedmethodswould beusedfor there�ection of fur-
therobjectsandthebackground.

As our algorithmprovidesa methodto computethe re-
�ected raypassingby two endpoints,it canbeusedfor other
computations,suchascausticsandrefractioncomputations.
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